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Abstract. In this paper we prove the existence of a solution for reflected backward doubly
stochastic differential equations with poisson jumps (RBDSDEPs) with one continuous barrier
where the generator is continuous and also we study the RBDSDEPs with a linear growth
condition and left continuity in y on the generator. By a comparison theorem established here
for this type of equation we provide a minimal or a maximal solution to RBDSDEPs.
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1. Introduction

A new kind of backward stochastic differential equations was introduced by Pardoux and
Peng [11] in 1994, which is a class of backward doubly stochastic differential equations
(BDSDEs for short)

T T - T
Vo= &+ | s Yazods+ | gV Z)dBo - | ZdW, 0<i<T.

where & is a random variable termed the terminal condition, /: Q x [0,7] xR x RY — R,
g:Qx[0,7T] xR xR? - R are two jointly measurable processes, W and B are two mutually
independent standard Brownian motion, with values, respectively in R¢ and R. Several authors
interested in weakening this assumption see Bahlali et al [3], Boufoussi et al. [5], Lin. Q [8]
and [9], N’zi el al. [10], Shi et al. [13], Wu et al. [15], Zhu et al. [17]. A class of backward
doubly stochastic differential equations with jumps was study by Sun el al. [14], Zhu et al. [16]
They have proved the existence and uniqueness of solutions for this type of BDSDEs under
uniformly Lipschitz conditions.

In addition, Bahlali et al [2] prove the existence and uniqueness of solutions to reflected
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backward doubly stochastic differential equations (RBDSDES) with one continuous barrier and
uniformly Lipschitz coefficients. The existence of a maximal and a minimal solution for
RBDSDEs with continuous generator is also established.

In this paper, we study the now well-know reflected backward doubly stochastic
differential equations with jumps (RBDSDEPs for short):

Y=+ ItTﬂs,As)ds 4 LTg(s,As)d(Es + jtTdKS - J.tTZSdWS - LTIE Us(e)fi(ds, de),

0<t=<r1, (1)

where A = (Ys,Z, Uy).

Motivated by the above results and by the result introduced by Fan. X, Ren. Y [6] and Zhu,
Q., Shi, Y [16, 17], we establish firstly the existence of the solution of the reflected BDSDE
with Poisson jumps (RBDSDEP in short) under the continuous coefficient, also we prove the
existence solution of a RBDSDEP where the coefficient f satisfy a linear growth and left
continuity in y conditions on the generator of this type of equation.&

The organization of the paper is as follows. In section 2, we give some preliminaires and we
consider the spaces of processus also we define the 1t6’s formula. In section 3, we proof a
comparison theorem, section 4 under a continuous conditions on f'we obtain the existence of a
minimal solution of RBDSDEP, and finally in section 5, we study RBDSDEP where the
generator f'satisfied a left continuity in y and linear growth conditions.

2. Notations, Assumptions and Definitions

Let (©,F,P) be a complete probability space. For 7> 0, We suppose that (F;) ., is
generated by the following three mutually independent processes:
(i) Let {W,,0<t<T} and {B,,0 <t < T} be two standard Brownian motion defined on
(Q, F,P) with values in R4 and R, respectively.
(ii) Let random Poisson measure p on E x R, with compensator v(dt,de) = A(de)dt, where the
space E=R-{0} is equipped with its Borel field & such that
{f([0,¢] x A) = (u—v)([0,¢] x A)} is a martingale for any 4 € & satisfying A(4) < «. A is a
o finite measure on & and satisfies jE(l A le|?)A(de) < o.
Let F! =c(Wu0<s<t), FI''=0(u;0<s<t) and Fi;:=0(Bs—B;t<s<T),
completed with P-null sets. We put, &, := F; v F2rv FL. It should be noted that (F,) is
not an increasing family of sub o —fields, and hence it is not a filtration.
For d € N*, |-| stands for the Euclidian norm in R x [0, T7.

We consider the following spaces of processes:

« We denote by S?(0, T,R¢), the set of continuous &, —measurable processes {¢;t € [0, T]},
which satisfy E(SUp. ;7|@:]?) < .
e Let M?(0,7,R9) denote the set of d— dimensional, &, -measurable processes
{p:;t € [0,T]}, such that Ej§|¢,|2dt < .
« A2 set of continuous, increasing, &, —measurable process K : [0,T] x Q - [0,+00 ( with
Ko = 0, E(K7)? < +)].
o L2 set of F r- measurable random variables & : Q — R with E|£]? < +o.
« We denote by £2(0,T,f1,R?), the space of mappings U : Q x [0,7] x E - R which are
@ ® & measurable such that
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T
”UtHfgz(o,T,ﬁ,Rd) = EJO ||Ut||§2(E’E’L[Rd)dt < 00,
where o ® & denoted the o —algebra of &, —predectable sets of Q x [0, 7] and
T
WUillEaee aaey = | JULP A(de).

« Notice also the space D?(R) = S%(0,T,R) x M ?(0,T,R?) x £2(0, T, ji,R) x 4> endowed
with the norm

(Y. Z, U, K)p2 = IYlls2 + [12]]5,2 + [[Ull 2 + [IK]] -
is a Banach space.

Definition 2.1. A solution of a reflected BDSDEPs is a quadruple of processes (Y, Z, K, U)
wich satisfies

( i)Y € S?(0,T,R), Z € M*(0,T,R?) ,K € A?> ,U € £%(0, T, 1;,R),

i) Y, = &+ [ fis, Yo Z, Uds + || (s, Y0, Zs, U)dB,

[ ak, - [ zaw, - || Ule)itds,de), 0< 1< T,

iii) S, < Y, 0<t<T and [ (Y,-5)dK, =0.
\\§

We give the following (H) assumptions on the data (&, £, g, S):

(H1)7: [0, 7] x QxR xRY x £%(0, T, i, R) - R;

g [0, 7] x QxR xR? x £*(0, T, i,R) - R be jointly measurable such that for any
(. z,u) € R x R x £2(0, T, i, R)

fe,0,y,z,u) € M?(0,T,R),

g(s,0,y,z,u) € M?(0,T,R).

(H.2) There exist constant C > 0 and a constant 0 < & < 1 such that for every

(@) € @x[0,T] and (1,y') € R2, (z,2)) € (RY), (u,u') e (L?(0,T,j1,R))’
) Rt 0..zu) - ftoy .z u) <C[y-y | +lz-2| +ju-ul],
(i) gt o,y zu) - gto.y 2 u)| < Cy—y'[ +a(lz -2 +u—u']").

(H.3) The terminal value & be a given random variable in L2,
(H.4) (S1),- . Is acontinuous progressively measurable real valued process satisfying
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E< sup (S;)2> < 400, where Sf := max(S,,0).

0<t<T

(H.5) S7 < &, P-almost surely.

Theorem [6] 2.1. Assume that (H.1) — (H.5) hold. Then equation (1) admits a unique
solution (Y,Z,U,K) € D?(R).

The result depends on the following extension of the well-krown 1t6’s formula. Its proof
follows the same way as Lemma 1.3 of [11].

2
Lemma 21 Le aeS’O.TRY, (By) e (M°®RY), neM?’®*) and
o € £%(0,T, j1,R*) such that:

t t t ¢ ¢
o = ao+ _[O Bsds + IO ¥VsdBs + _[O nsdWs + j.o dK + IO _[E os(e)ji(ds,de),
then (i)
la/|? = |ao|? +2 J‘[<amﬁs>ds +2 J‘[(as, ys)dBs + 2 r<as,ns>dWS +2 J‘[(as,dKQ
0 0 0 0
t - t 2 t 2 t )
+2 IO J.E<asf, o(e)fi(ds,de)) - Iolysl ds + Io|ns| ds + IO '[E|gs(e)| A(de)ds

+ Z (Aay)?,

0<t<T
(i)
2 T 2 r 2 2 T T
Ela.f” + E | mids +E [ [ lo(e)PAde)ds < Elarl + 2E [ (s Bds + 2E [ (@, dK.)

T
+ Ejt|ys|2ds.

3. A Comparison Theorem

Given two parameters (&1, /1, g, T) and (£2,/2,¢,T), we considere the reflected BDSDEPS,
i=12,
Yi =&l [, ¥, 2k, Ub)ds + [ | (s, Y, 7L, US)dBs
T i (T i T P
+ [, dKE = [ ZkdWs = [ [ o Us(e)iu(ds,de), 0 <t < T. 2)

Theorem 3.1. Assume that the reflected BDSDEP associated with dates (EY.f%,g,T),
<resp <§2,fz,g, T>> has a solution (Y},Z}, K}, U sepory, (resp (Y2,Z2, K2, Utz)te[orj)' Each

one satisfying the assumption (H). Assume moreover that:
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§h<é?
Vi< T, St <Sz,
fl(t’ Yt’Ztl Ul) sz(t1 Yt;Zt; Ut)

Then we have P — a.s.

vl <yl

Proof. Let us show that (¥} — ¥; )" = 0, using the equation (2), we get

Y, = Y- Y?
_ T r .
= §+I (s, Y35, 23, Us) — f2(s, Y3, Z2, Uf))d5+_[ (g(s, Y3, 23, Uy) — g(s, Y%, 22, U%) )dB
t t

T T _ T -
+ j (dK? — dK?) — j Z.dW, —j j U, (e)A(ds, de),
t t t YE
where & = &1 -2 Z=72'-72and U = U* - U2,
Since I,T(K)+(g(s’ Y1, ZL, UY) — g(s, Y2, 22, U2))dB, and LT(KYZSdWS are a uniformly
integrable martingale then taking expectation, we get by applying lemma 2.1
I \t+2 T = 112 T = 2
EIT) P +E] LgoolZiPds+E[ [ 16,010 Ade)ds
_ T _
< E@)f +2E [ (1) (f1s Y4, 2L U - 25, Y2, 22, U2) ) ds
t
T _ T
+ ZEI (Y,)"(dK} — dK?) + E_[ 1{5; O}Ilg(s, YL, ZE UY) - g(s, Y2, 22,U%)| P ds.
t t s>

Since

(& -&)" =0

J/(V)" (@KE—dK?) = -] (Yt - ¥2)"aK? < 0,
we get
= 4+ T = T - ~
E{|(Yt) RV A | IE1{YS>0}|U9(6)|2u(de)ds}
< 2B [ (7) (115, Y4, 28, UL) - f2(s, Y2, 22, U2) ds
T
+EJ] 1 gyl YHZH U — g0, V2,22, UD) s,
to obtain, by hypothesis (#.2) and Young’s inequality, the following inequality
2E [1(V)" (f s, Y1 ZE U — f2(5, Y2, 22, U2) ) ds

< (2C+ 2C2€)EjtT v | ds + e‘lEjtT<|Zs|2 + IE|US|ZA(de)>ds.
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Also, we apply assumption (H.2) for g to arrive at
lgCs, Y3, 22, UY) - g(s, Y2, 22, UR)||* < QY *ds + a{|Z|* + |0 }.
Then, we have the following inequality

T \tH2 T = 112 T = 2~
E{|(Y,) | +L A ] ds+jt J‘El{_ys>0}|Us(e)| y(de)ds}
T _ Ty _ -
< (20 +2C?E [ |Tif2ds + < 2E | (|Z.Y|2+j |Us|2/”t(de))ds
t t E
T 7 12 r = 12 - 12
+CEIZ e ds+ant {l{ys>0}|ZS| +IE1{'YS>0}|U“| }L(de)}ds,

_Y+

) T 2 . T _ T o
< (2C e+3C)EL ds + (€ +a)E{JZ 1 A ds+jt jEl{_YS>O}|US| /l(de)ds}.

{¥s>0}
By choosing € such that 0 < ¢! + a < 1, we have
- - 2
E|(Y)" < (3C +2C%)E[ | 1| ds.

Then using Gronwall’s lemma implies that
E[1(7)'*] = 0.
Finally, we have
1t <y, u

4. Reflected BDSDEPs With Continuous Coefficients

In this section we are interested in weakening the conditions on f. We assume that fand g
satisfy the following assumptions:
(H.6) There exists 0 < a < 1and C > 0s.¢ forall (t,,y,z,u)
e [0, T] x QxR xRYx L*E,E,AR),

t,@,y,2,1)] < C(L+ 1] + | + [ul),
gt o,y,zu) - gty 2 ) < =y +a{lz=2| +lu—u']}.

(H.7) For fixed w and ¢, f(t,w, +, +, +) iS continuous.

The next three lemmas will be useful in the sequel. Before stating them, we recall the
following classical lemma, that can be proved by adapting the proof given by J. J. Alibert and
K. Bahlali in [1].

Lemma 4.1. Let /: Qx[0,7] xR x R¢ x L?(E,E,A,R) - R be a mesurable function such
that:
Lemma 1.
2. Fora.s. every (t,w) € [0,T] x Q, f(t,w,y,z,u) is a continuous.
3. There exists a constant C > 0 such that for every
(t,0,y,z,u) € [0,T] x Q xR x RY x L2(E,E,2,,[R), ft,0,,z,u)| < C(L+ |+ |z] + |u]).
Then exists the sequence of functions £,
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fult,0,y,z,u) = inf [f(t,a),y’,z/,u)+n<|y—y’|+|z—z/|+|u—u’|>:|,
(y/,z',u,)e B2(R)
is well defined for each » > C, and it satisfies, dP x dt — a.s.
(i) Linear growth: Vn > 1, (n,z,u) € R x RY x L2, [fu(t,0,y,z,u)| < C(A + [y| + |z| + |u]).
(if) Monotonicity inn : YV y,z,u, f,(t,®,y,z,u) is increases in n.
(iii) Convergence: V(t,w,y,z,u) € [0,T] x Q x B?(R), if (t,0,yn,zn ttn) - (t,0,,z,u), then

fn(taa)vymznaun) —’f(t,CO,y,Z,u).
(iv)  Lipschitz  condition: Vn>1, (t,o)<[0,7]1xQ, V(,zu)e B>(R) and
(y.z\u") e B3(R), we have

|f,,(t,a),y,z,u) —f,1<t,a),y’,z/,u’> | < n|y—y' | +lz—zZ'|+ |u— u |
Now given & € L? n e N, we consider (Y*,Z",K",U") and (resp (V,N,K,M)) be
solutions of the following reflected BDSDEPs:

4 T T ey
YP =&+ [ fu(s, Y8, 28, UDds + [ | g(s, Y4, 28, Ud)dBs

A

T T T .
+jt dK?? —jt Z0dW —jt jE Ul (e)ji(ds,de), 0 <t < T, (3)

| Si=v]0si<T and Jo (Y} = S)dK]} = 0.

respectively
4
Vi= &+ ] H(s,Vs,NoMy)ds + [ g(s, Vs, No, My)dB,

A

+[ K, ~ [ Naw, ~ [ [ My(e)iu(ds,de), 0 <1< T,

S <V, 0<t<T, and [ (V,-S)dK =0,

\

where H(s, o, V,N,M) = C(1 + |V] + |N| + |M]).

Lemma 4.2. (i) a.s. forall, t and Yn < m, Y} <Y <V,

(ii) assume that (H.1), (H.3)— (H.7) is in force. Then there exists a constant A >0
depending only on C, a, & and T such that:

||l]n”LZ(O,T,,&JR)S Aa ”Zn”MZ(O,T,[Rd)S A.

Proof.The prove of the (i) follow from comparison theorem. It remains to prove (if), by lemma
2.1, we have
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T T
E|Y?|2+EI |Zg|2ds+Ej f U (e) [2A(de)ds
t t E
2 T T T 2
< B + 2B [ a5, Y2, 22, U)ds + 2 | ViaKz +E [ |lgCs, Y2, 22, UD) | Pds.
t t t
By (i) in lemma 4.1, we have
T T
2Ej Y n(s,Y?,Z?,U?)dsSZCEI V(L + (V7| + (22| + |UZ)ds
t t
T T 2 T
n|2 2 n|2 e n|2
< Ejt|YS| ds + TC +2CEL|YS| ds + < Ejt|YS| ds
T 2 T T
+yiE [ 1z2Pds + SB[ rifds+ pE | [ |Une)Pacde)ds,
t V2 t tYE
c? Q) "y 2 2
< (1+2C+ T Ejt|YS| ds+TC
T T
+yiE [ 1Z2Pds +y2E [ [ |U2(e)PA(de)ds.

t t E

Also by the hypothesis associated with g, we get
lgCs, Y2, 22, UDIP < (L +e)llgls, Y2, 22, U) - g(5,0,0,0)||* + 1€ ||g(5,0,0,0)[|%,
< L+ )Y+ A+ ea{|zy? + Uiy + 1 lg(,0,0,0)] .

Chossing y1 = y2 = % Then, we obtain the following inequality

T T
By + |z s + [ | |Ui(e)[PA(de)ds )
< E|E)2 + TC? + (1 +2C+ 40 4 L+ e)C)EI§|Y§|2ds +2 yiaK:
2 T T T
+(€7 (L e)a) {Ej[ |23 2ds + E [ jE|Ug(e)|Zx(de)ds} + LEE [ 1g(5,0,0,0)]%ds.
Consequently, we have
T
e[ 1z + [ JUreacde) )as
t E
T T
< (6—2 1+ e)a)E{j zids + [ |U§’(e)|2/1(de)ds} + A+ OE|KS — KIP2,
2 t t *F

where

A = EjEf? + TC? + £ EItT||g(S,0,O,0)||2ds+ %E( sup (SS)2> + T(l +2C+ %2 +(1+¢)

€
0<s<T

E(sup |Y’;|2>.
t

Now chossing € and « such that 0 < % + (1 +¢€)a < 1, we obtain
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T T 2
B[ |Z81%ds + E [, [ |US(e)|?Alde)ds < A+ OE|K%~ K7'| %,
On the other hand, we have from Eq.(3),
Ky—Kp = Yi =&~ [ fuls, V2,22, Unds - [ g(s, Y2, 22, U2)dB,

4)

+ | tTZ’;dWS +| tT [ Ue)ds, de).
Using the Holder’s inequality and assupmtion (H.6), we have
T T

EIK} - Ki|? < o+ Co(E |z ds + E [ [ |UIPA(de)ds ),

From inequality (4), we get
T T

Ef, (12212 + [ |Us(e)*Ade) )ds < A+0Cy +0CE[ (1222 + [ |UIPA(de) ) ds.
Finally chossing 0 such that 0 < 6C, < 1, we obtain

E[|z:12ds + E[ | |Ui(e)PA(de)ds < A+0C; < .

Thus the prove of this lemma is complet. |

Lemma 4.3. Assume that (H.1), (H.3)— (H.7) is in force. Then the sequence (Z",U")
converges a.s. in M?(0, T,R%) x L?(0, T, f1,R).

Proof. Let ng > C. From Eq.(4.1), we deduce that there exists a process ¥ € S2(0, T,R) such
that Y - Ya.s., asn — oo. Applying lemma 2.1 to |Y? — Y7|?, for n,m > ng

T T
E(jyy - yp?+ [\ze - zr2ds + [ [ JUR(e) - Un(e)[*A(de)ds )
< 2B [ (Y2 = Y2)(fuls, Y2, 22, U2) = fuls, Y2, 20, U2))ds

+2ELT(Y’S’ - YI")(dKY - dKY) + ELT||g(s, Yr,Z0, U — g(s, Y, 2, U™)||2ds.

Since IT(YQ — Y¥")(dKY — dK¥) < 0, we deduce that
T T
Ef |zi—zrPds+E[ [ |Ui(e) - Ur(e)|* A(de)ds
< 2B [ (V) = YI)(fols, Y2, Z0, U2 = fus, V21,220, U2) s
+E [ llgs, Y2, 22, U2) = g(s, Y2, 22, UD) | Pds,
Using Holder’s inequality and assumption (H.6) for g, we deduce that
T T
(1- a)E{L 2zt - zyPds + [ ] |U(e) - U;”(e)|2/l(de)ds}
T < T 3
< 26([ Vs, v2,22,U2) = fuls, Yo, z0, U s ) TE([Tve - v 2ds )

+CE['|vy - vy |2ds.
Applying assumption (H.6) for fand the boundedness of the sequence (Y”,Z", U"), we deduce
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that
T T 2 T
a-w{Ef |z -zrfas+E] [ jUne) - UnFacderds } < g [ |y - vy s,
t t *FE t

where the constant C* > 0 depend only &, C, a and T.
Which yields that (Z"),., respectively (U"),., is a Cauchy sequence in M?(0,7,R%),

respectively in £2(0,7,i,R). Then there exists (Z,U) € M?(0,T,R9) x £2(0,T,f1,R) such
that

Ej§|Z;’ — Z,|%ds + Ejngwg(e) — Uy(e)|°A(de)ds — 0, asn — . |

Theorem 4.1. Assume that (H.1), (H.3)— (H.7) holds. Then Eq (1) admits a solution
(Y,Z,U,K) € D?(R). Moreover there is a minimal solution (Y*,Z*,U*) of RBDSDEP (1) in
the sense that for any other solution (Y,Z,U) of Eq. (1), we have Y* < Y.

Proof . From Eq.(4.1), it’s readily seen that (¥") converges in $2(0,7,R), dt ® dP — a.s. t0
Y € §%(0,7,R). Otherwise thanks to lemma 4.3 there exists two subsequences still noted as the
whole sequence (Z2"), . , respectively (U"),, .., such that

E[ |2~ Z|%ds > Oasn » o, and E[ [ |Ui(e) - Us(e)*Alde)ds — 0, asn — oo,

Applying lemma 4.1, we have £, (¢, Y", 2", U") - f(t,Y,Z,U) and the linear growth of £, implies
[fu(e, Y7, 23, U < C(l +sup (|77 +|Z?|+|U?|)> e LY([0, T];dr).

Thus by Lebesgue’s dominated convergence theorem, we deduce that for almost all » and
uniformly in ¢, we have

E [ fuls, Y2, 22, UDds > E [ fis, Yy, Zy, Uy )ds.
We have by (H.6) the following estimation

E [ llgs, Y220, U2) - g(s, Yo, Z, U s

T T T
< CE[|Y: = Y|Pds + aE [ |22 = Z,|%ds + «E [ | [ |Ut(e) = Us(e)[*A(de)ds ~ O,

as n — oo,

Using Burkholder-Davis-Gundy inequality, we have
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.
e sup |["zzaw. - ["zaw.|" - o,

0<t<r

E sup |['[ Une)tds.de) - ['[, Us(e)ﬁ(ds,de)|2 L0,
0<t<r

A

2
E sup |ffg(s, VEVAS U’!)d(f_?s - Ifg(s, Y5, Zs, Us)d(f_?s ~ 0, in probability as, n — oo.

0<t<T

Let the following reflected BDSDEPs with data (&,f, g,S)

(v @ 5 2 d 2 7 2 ~
Y e 8200, T,R), Ze M?0,T,RY), KeA? Uel?0,TR),
?[ = 5"’ jjﬂs’ YS’ZS’ Us)dS + LTg(S, YS;ZSa U?)d(gv + jde?

(" Zaw. ~[[ Uu(e)iuds. de),

N

By It6’s formula, we obtain
E|vy - ¥,|* < 2B[ (Y2 = V) (fls, Y2, 22, UD) — fis, Y, Z4, Us) )ds
2B [ (V1 - V) (dKY - dK,) +E llgs, Y2, 20, UY) — g(s, Y, Zo, U |Pds
E['[ |Ute) - Use)|*Alde)ds —E |z - Z,|"ds.

Using the fact that Ejj(Yg? — Y5 ) (dK? - dK,) < 0, we get

E|lvy—Y,|* +E[ [ |Ui(e) - Us(e) | Mde)ds + E [ | 22 - Z,| ds

< 2E[ (Y2 = 2)(fuls, Y2, 22, UD) = fis, Y2, Zs, Us) )ds

+E [ llgCs, Y228, UD) = gls, Yo Zo, U s

The by letting n » oo, we have Y, = ¥,, U, = U,and Z, = Z, dP x dt — a.e.
Let (Y*,Z*,U*,K*) be a solution of (1). Then by theorem 3.1, we have for any n € N*,
Y" < Y*. Therefore, Y is a minimal solution of (1). H
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5. RBDSDEPs With Discontinuous Coefficients

In this section we are interested in weakening the conditions on f. We assume that 1 satisfy
the following assumptions:
(H.8) There exists a nonnegative process f; € M?(0, T,R) and constant C > 0, such that
V(t,y,z,u) € [0,T] x B*R), |fit,y,z,u)| < fi(@) + C(y] + |2] + |ul).
(H.9) f(¢t,+,z,u) : R - R isa left continuous and f{¢,y, -, ) is a continuous.

(H.10) There exists a continuous fonction x :[0,7]x B2(R) satisfying for y >y’
(z,u) € R?x L*(E,E,A,R)

Ity z,u)| < C(| + |z] + [u]),
ft,0,y,z,u) —f(t,a),y,,z,,u) > n(t,y—y,,z—zl,u - ul>.
(H.11) g satisfies (H. 2, (ii)).

5.1. Existence result
The two next lemmas will be useful in the sequel.

Lemma 5.1. Assume that © satisfies (H.10), g satisfies (H.11) and h belongs in M %(0,T,R).

For a continuous processes of finite variation A belong in A> we consider the processes

(Y,Z,U) € S?(0,T,R) x M?(0,T,R%) x L?(0, T, j1,R) such that:

/
N T T S 5 T S N

(i)Y, =&+ jt (n(s, Ys,Zs, Us) + h(s))ds + I; g(s,Ys,Zs, Us)dBs

A

+[laas— [ zsaws ~ [ [ Us(e)iids,de), 0 < 1 < T, (5)

| @ [ g ¥ dAs > 0.

Then we have,
(1) The RBDSDEPs (5.1) admits a minimal solution (Y;,Z:,A;,U;) € D*(R).
(2) Ifh(t) > 0 and &€ > 0, we have Y; > 0, dP x dt — a.s.

Proof. (1) Has been obtained from a previous part.
(2) Applying lemma 2.1 to |?;|2, leads to

E(|f’t—|2 + .[,Tl{Yv<0}”ZS||2dS + .[,TJ.E1{YY<0}|US(6)|2;L(de)dS)
< B(IEP - 2] Vi(n(s, V0, Z,, O) + hs))ds = 2 [ Vsd
+ jfl{ko}”g(s, Y, Zs, US)||2ds).

Since 4(¢) > 0, & > 0, and using the fact that jg Y;dA, > 0, we obtain
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- T - T -
ElY; " +E[’ 1{ys<o}||Zs||2dS +E[’ jEl{yS<0}|Ug(e)|zl(de)ds
T = - = T = = -
< —ZEL Yin(s, Y, Zs, Uy)ds + Ejt 1{ys<0}||g(s, Y., Z,, Uy)||%ds.
According to assumptions (H.11), we have
- T = T -
E|¥; 2+ E’ 1{'Ys<o}||Zs||2dS +EJ, jEl{ys<o}|Us(e)|2,1(de)ds
< —2E [ ¥;n(s, ¥, Z,, Uy)ds + CEjtTl{YS <o [TsTds
T = T -
+aE | L, <O}||ZS||2ds +aE| | 1, <0}|Us(e)|zz,(de)ds.

Then by applying assumption (A.10) and using Young’s inequality, we can write
T _ - _ T _ T _ T _
2B [ Yin(s,¥,,Z, Us)ds < 2CE [ |¥|Pds + - E [ |V;[ds + 2€C%E [ |1Z,|°ds
t t 2e t t
A (-2 22 (7 [ 10.(e)
5 Eft |¥; |2ds + 2¢C Ejt jE|US(e)| A(de)ds.

Then
= T = T - 2
EY;|°+E[’ 1{YS<O}||ZS||2dS +EJ’ jEl{—YS<O}|US(e)| A(de)ds
T = T = -

< @C+ehE] Y5 |Pds + (a + 2eC?)E| 1{?5 <o) (||ZS||2 + IE|US(e)|Zk(de)>ds.
Therefore, choosing €, a and C such that 0 < a + 2eC? < 1 and using Gronwall’s inequality,
we have

E|Y:|* =0,
P —a.s. forall t € [0, T]. This implies that ¥, > 0, P —a.s. forall ¢ € [0, T]. |

Now by theorem 4.1, we consider the processes (¥9,2°%,K?, 0?), (¥°,2°,K?, U?) and the
sequence of processes (Y7,Z7,K", (7;’)n>0 respectively as minimal solution, for all € [0, 77, to

the following RBDSDEPs

(@19 = e+ [T[-c(|70]+ 28+ 00]) -5 Jas + | a6, 79,29, 0915,

¥9|+

+[TakQ ~ [[ ZQaws - [T[ 09(e)nds.de), 0 < 1 = T,
< (6)
i1 > Sy,

\ (iiz’)jg(i’? - S5)dk§ =0,
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4 —
i) 1) = e+ [ [C(|9]+ 120+ [U9]) + s Jas + [ ats.¥9. 28, UD)dBs

+[TakQ [T Zaws - [T [ UQ(e)itds.de), 0 < 1< T,
< (7
i) YO = s,

| G Jo (19 - 55)ak? = o,
and

/
N~ g (T s 5m-1 -1 pm-1 sn_yn=1zn_sn-1 pm_ pm-1
O V7 =g+ [ [ Tt 20 0 Dyds + 2 (s, 77 - Vit Zzp - 2pt o - op L) Jas
+[T g5, 72, 720, 00)dBs + [T ak - [T Z2aws - [T] 0% (e)iu(ds,de), 0 <t < T
tg ’ ’ 1 S S t S t S S t E S ,Ll ’ 1 = = 1

(@)Y? > Sy,

(iif) | g (V7 — Sg)dk? = 0. (8)
\\§

Lemma 5.2. Under the assumptions (H.1), (H.3), (H.5) and (H.8) — (H.11), and for any
n > 1witht € [0,T], there holds

Vo<yr<imt<y?
Proof. Forany n > 0, we set

opitt = pi*t = pi,
and
Ay™i(s, 871, 87 SUMLY) = w(s, 8V + Y7, 670 + 70, 8UL + U) — w(s, Y7, 21, O7).
Invoke (8) to write
- T . . N T . N N -
SVt = [ [n(s, 6702, 6200, 600) + 02)ds + | Ag™i(s, 672,623, 603)dB,
t t
T ~ T o T ~
+ j d(SKL) - j SZmLAW, — j j SO (e)fi(ds, de),
t t t E

where
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01 = A" (s, 672,628,607 — n(s, 61,621, 80%),
and
09 = fls, 10, 20,0%) + C(| V2| + | 22| + | O2) + £, ¥ = 0.
According to its definition, one can show that 02 and Ag”, Vn > 0 satisfy all assumption of
lemma 5.1. Moreover, since K7 is a continuous and increasing process, for all » > 0, then
5K+ is a continuous process of finite variation. Using the same arguments as in first part, it is
possible to show that
T o ~ ~ T . ~ o~ T . ~ o~
[ (- ¥y a@ket) = [t - ¥y dket - [ (V- V1) dky = 0,
0 0 0

By applying lemma 5.1, we deduce that 5771 > 0, i.e. ¥7*1 > ¥7 , for all ¢ € [0, 7].So we
have Y7+t > y7 > Y9, N
Now we shall prove that Y71 < Y?. By definition, we have

. T . . N
Y- ¥t = [ Y0 = Vet |+ (20 - 2| + U - O |) + Artyds
t
T ~ ~ ~ «—
+ [ (el 10,20, U9) - o5, Vit 22, U24))dB,
t
T - T ~ T ~
+ [ @K —dkity + [ (28 - Zemyaw — [ | (Ue) - Trt(e))iu(ds, de),
t t t E
where 3 . N o
AP = O Y = Yot [+ |20 — 2 | + | U2 = Ut | + (V2] + 122 + |URD) + fs = fs, Y2, 22, U
— (s, 8y, 571, sUML),
Also by repeated use of lemma 5.1, we deduce that Y? — ¥7*1 > 0, i.e. ¥? > ¥+, for all
t € [0,T]. Thus, we have foralln > 0, Y0 > Y1 > ¥y» > Y9, dP xdt —a.s., Vte [0,7]. B

Now we can state our main result.

Theorem 5.1. Under assumption (H.1), (H.3), (H.5) and (H.8) — (H.11), the RBDSDEPs
(1) has a minimal solution (Y1, Z1,K:, U+) 0 11 (D%(R).

Proof. Since | V7| < max(Y?,¥?) < |¥?| +|¥?| for all € [0, T], we have

wp E(sup W) §E<sup |W|2>+E<sup |Y9|2> <
n 0<t<T 0<?<T 0<t<T

Therefore, we deduce from the Lebesgue’s dominated convergence theorem that (¥7)

converges in $2(0, 7,R) to a limit Y.
On the other hand, by (8) we can write

n>0
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~ ~ T ~ o~ o~ ~ ~ ~
prrt = et +I [fs, V7,20, Om)ds + m(s, 677+, 820, 507 ) dis
0
T N N N T . T. T N
+ [ gls Vit Zet, Or B, + [ dket = [ Zetaw, — [ | Or(e)jucds, de).
0 0 0 0YE

Apply then lemma 2.1 to obtain
E|¥5)°+E fT|Zg+1 |%ds + Eﬂ | 04(e) | * A(de)ds
0 0YFE
< El¢|° + 28 IZ Vet (s, V2, 25, 09) + (s, 673, 623, 6U3) ) ds
T . ~ T ~ ~ ~ 2
+2E | Trakyt v E | s, 72, 2,00y || s,
By (H.8) and (H.10), it follows that
YA Y, 2, U + m(t,8Y1, 6204, 6T
| Yt [{f(w) + 2C(| Y7 | + | Z0 | + |02 ) + C( Tt | + |20t | + |00 ) >
7]
-2
~ 2 2 |~ 2 ~ 2 2 |~ 2 ~ 2
+C| | 4 ZC—Q|Y;1+1| + |zt ZC—€4|Y;1+1| + S| O |

1,2, 2C*  2c?  ? C? Tl |2
(2+C+ e e T Yo € | Y+t

IA

- ~ 2 & = 213 7
SO |y (7P B T e 2 | BT |

& 12 ~ 112 12 5012 ~ 012 0]
s E |z |2y S5O 1 |72 S|z |2 2| Op ) S

Also applying (H.11) leads to the following inequality
||gCs, Tut, Zet, 0wy | |2 < || gs, Tt 2o, O0) - g(5,0,0,0) | |* + lg(5,0,0,0)
< |7t * + a{|Ze2 ]+ |00} + 1lgs,0,0,0)] 2
Then using Young’s inequality, allows writing
2E || Vitakyt < 2 S.dkyt < %E( sup |St|2> +0E| Kyt |2,
0<t<T

Therefore, there exists a constant C independent of » such that for any €;, wherei =1 : 4, we
have

Ejg|Z'g+1 | 2 s + Ejng|Ufg+1(e) | 2 )(de)ds
< C+(e3+ a)Ejg|Zzg+1 |2ds +(eq + a)Ejng|U§+1 |2;L(de)ds 9)

+€1Ejg|2?|2ds+€2EI?IE|ﬁ?|2/1(de)ds+9E|I~<’%+1|2,

Moreover, since
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~ ~ T ~ o~ ~ ~ ~

K’F—l = Y8+1 - 5 - I V(S’ Y?’Z?1 U?)ds + ﬂ(S’6Yg+1’62g+1’5U?+1)]dS
0

T ~ ~ ~ — T . T -
— [ gls, Ytz OvydBy + | Zitaw,+ | [ Ovte)ids, de),
0 0 0YE

we may use Hoélder’s inequality and assumptions (H.8) and (4.10). Consequently, there exists
two constants C; and C; depending on &, C,a,€;,i = 1,...,4, and we have that

n 2 T Zn |2 7n 2 T “n | 2 n 2
E| &3 | gc1+c2(5j0(|zs| 1zt Yas+E[ [ (|08] |00 )l(de)ds).
We return back to inequality (9) and write
E| "z 2ds 1 E | ' [ 10w |*acde)ds

o’ ode! T’

T n 9 T ~ 12
< (C+ecl)+(el+9c2)|5j0|zg| ds+(ez+9c2)Ej0 jE|Ug| A(de)ds

o 412 r il | 2
+(63+a+9c2)Ej |zt | ds+(e4+a+ecz)Ej j | 041 |2 A(de)ds.
0 0YE
Then by taking €1 = €2 = €p and €3 = €4 = €, we have

r Tn+l |2 T T+l 2
Ej0|zs |ds+EJOIE|US () |*A(de)ds
T v o T -
S(C+9c1)+(eo+9c2){Ej 2z Pas+E[ [ |on] /l(de)ds}
0 0YE

Tf o ~
HE+0C +a)E [ (|Zg+1|z+J IU':*l(e)|2/1(de))ds.
0 E
A further choise of €, 6 and a such that 0 < (¢ + 6C, + a) < 1, allows for

Tis 112 T - 9
Ej0|zs+1| ds + Ejo IE|US+1(e)| A(de)ds

< (C+6C1) + (o +ecz){Ej:|2g |2ds + EIOTI To |2,1(de)ds}
E

i=n-1

i n T2 Tt 1012
< (C+0Cy) ZO (€0 +0C,) + (€0 + 0Cs) {Ejo|zg| ds+EjojE|U?| x(de)ds}.
NOV¥ choosing €, 6 and C, such that €;+60C, <1, and noting that
EJO(|ZE’|2 +J |(72|2/1(de))ds < oo, allows for
E

sup EI:|Z§+1 |2ds <o and sup EJZJ5|U?+1(6) |Zk(de)ds < o,

ne N neN

Consequently, we deduce that
E|]~<’%+l |2 < o0,
Now we shall prove that (Z7,K",U") is a Cauchy sequence in
M2(0,T,R9) x A% x L2(0, T, f1,R), set T = fis, Y*1, 221, U"Y) + n(s,6Y",6Z",8U") to arrive
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at
N - T T . o~ . - o~ -
Vp-Yp = [ @ -rmds+ [ (20, 72,22,00) - gGs, V2, 20, 00))dB,
t t
T o ~ T ~ T ~ ~
+ [ ke —dkyy - [ @~ zmyaw, - [ | (Oue) - Or(e))inds,de).
t t t E
Further application of lemma 2.1 to [5¥3|* = | V2 — ¥ |?, results with
o %2 T s 12 r ~ ~ 12
E|¥7 - 7] +EL |20 - 7| ds+EJ.l jE|Ug— 0| * AM(de)ds
<2E IT(?;Z — Y") (" —=T™)ds + 2E jT(iﬂ;ﬂ — Y")(dK" — dK™)
t t
T ~ o~ ~ ~ ~ ~
+E [ ||, 2,22, 00) - g, 7. 2, 00)) | s
Since jj(f’fg*l — ¥Y")(dK" — dK™) < 0, we obtain
T~n_~m2 T ~n_~m2
Ej0|zs 7 |ds + Ejt JE|US 0| * A(de)ds
< 26 [ (72 = V)@ - Ty + E [ ||t 12,22, 00) - g6, ¥, 22, 02)) | s
t t
Apply next Holder’s inequality and assumption (H.11) to write
(1- a){ELT|Z’§ — 7 |%ds + EI:J | — O |2/1(de)ds}
E
< 2EGT|?" — ¥ |%d )%EGTF" —T7%d )% +CEjT|i/n — ¥ |%d
= / K s S Zl K K | S / K K S.

The boundedness of the sequence (¥”,Z", K", U") implies that A =sup (Ef§|rg|2ds> <, to
neN

allow for

T n _ 7m 2 T T __ TTm 2
(1—a)EL|ZS d ds+Ejt jE|US 0| * A(de)ds
1
< 4AE(jT|ifg—i/;n|2ds) ’ +CEIT|~Y§—5@|2dS,

t t

which implies that each of (Z")n>0 and (Z7")n>0 , is a Cauchy sequence in M?(0, T,R¢) and in
L?(0, T, 1,R) respectively. Then there exists (Z, U) € M?(0,T,R9) x L?(0, T, ji,R) such that,

T ~ T ~
Ejt|Z?—ZS|2ds+Ejt jE|U{g—US|2,1(de) -0, asn - o, (10)

On the other hand, applying the Burkholder-Davis-Gundy inequality and (10), ends up with
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E sup ‘j?Z?dWS—jstdWs‘zSEJ.ZT|Z?—ZS|2ds—>O, asn — oo,
0<t<T

. 2
E sup “tTjEUg?(e)ﬁ(ds,de)—jtTjEUS(e)ﬁ(ds,de)‘
0<¢<T

= EJITJEW?—USF/"L(de)dS —~ 0, asn - o,

. s 2
£ sup |[7( 72,28, 00dBs - [T gts. Vs, 25, Us)dBs |
0<¢<T

Tz 2 T > 2 T ~ 2
< CE[ |V§-Ys|“ds+aE[, |Z§ - Zs|%ds + aE [ [ |U§ — Us| “A(de)ds ~ 0, asn — .
Therefore, from the properieties of (f,7), we have
T = fls, Vit, Zut O ) + (s, 672,622, 6U%) ~ fis, Yo, Zs, Us),

P—a.s., forall t € [0,T] as n — . It follows then, by the dominated convergence theorem,
that

T 2
Ejom — s, Vs, Zs, Uy)2ds — 0.
Since (Y7, Z7, U7, T'") converges in B2(R) x M?(0, T,R) and

E(sup |1~<;1—1~<;"|2> < E|Y’5—f/’5’|2+E< sup |f’?—f’;"|2> +Ej()T|F§—Fg?1|2ds
0<t<T

t ~ ~ ~ ~ ~ ~ — 2
+E sup | [/ (oo, 74,22, 0) ~ (s, 72, 22, U2))dB|
o<t<r!*0
t . - 2 t N - 2
+E sup || e -Zzmyaw,| +E sup || [ (Oie) - Ur(e))iutds.de) |
o<t<r!*0 o<t<r!*0YE

for any n,m > 0, we deduce that

E( sup |K? —I~<;”|2> -0,

0<t<T

as n,m — co. Consequently, there exists a &, —measurable process K wich value in R such that

E{ sup |I~(? —Kt|2 -0, asn - . (11)

0<t<r
Finally, we have
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E<sup |?;1—Y,|2+IT|Z;1—ZS|2ds+jTj |0 — U, |*A(de)ds + sup |i<;1—1<,|2> 50,
t t vE 0<t<T

0<it<T
asn — o,
Obviously, Ko = 0 and {K,;0 < ¢ < T} is a increasing and continuous process. From (8), we

have foralln > 0, ¥ > S,, V¢ € [0,T].Then Y, > S,, V¢ € [0, T].
On the other hand, from the result of Saisho [12], it follows that

T . - T
IO(Yg—SS)ng S IO(YS—SS)dKS, P_as., asn— o,

Using the identity jg(ffg’ — S,)dK" = 0 for all n >0, we conclude that Jg(Yv — S,)dK, = 0.
Letting then n — +o0 in equation (1), proves that (Y,,Z;,K;, Ut) eqon is a solution to it.

Assume ultimately (Y., Z.,U.,K.) to be a solution to (1) to invoke theorem 3.1, and observe
that for any n € N*, Y < Y,. Therefore, Y is a minimal. [ |

Remark 5.1. Using the same arguments and the following approximating sequence

fo(t,0,y,z,u) = sup [f(t,a),yl,z/,u)—n<|y—yl|+|z—z/|+|u—u/|>:|,
(y/,z/,u/)eBz(lR)

one can prove that the RBDSDE (1) has a maximal solution.
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