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Abstract. This paper aims at proving that split metrics of finite sets {1,2,...,n} are extremal
pseudometrics, and only for n < 4 they are the unique extremal rays. Based on inherent
properties, we propose algorithms for constructing a class of arbitrary (random) metrics.
Moreover, we present some interesting analytical results on split metrics. The theoretical part
is complemented by numerical simulations and geometric comparisons of random metrics to
the Euclidean metric. The generalization of this work should be an interesting open problem.
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1. Introduction

Mathematical modeling is one of the interesting methods for understanding and analyzing
critical and asymptotic behaviors of several real life phenomena. In this respect, biological
phenomena have motivated us to aim at related numerical constructions. For instance, in
microbiology every strain of a collection of bacterial strains, considered as a finite metric
space, can exhibit their dissimilarity via computing or by comparing the reaction of the
considered strains with various tests. Comparing their DNA, and so on, can also serve the same
purpose. For more details, we refer the reader to B. Sturmfels [8].

Another area of application is sociology, where a finite number of possible decisions of a
group of agents represent the finite metric space. The measurement within two different
decisions is given by a discrete metric on a finite set, see e.g. [4]. The numerical treatment of
such models is till now realized only by using classical and deterministic metrics. In this work,
we propose a new investigation in the pertaining numerical mathematics, by introducing the
notion of random metrics on finite metric spaces. A part of this analysis and its use was our

26



27 M. ZAHRI

subject in [9]. We believe however that more interesting would be to envisage more
importance added to this new notion. By considering an n point metric space, studied for
example in [1, 2, 3], we can, as in [2], define and use some characteristics of the so called cut
or split metrics to construct arbitrary metrics. Bandelt and Dress introduce moreover in [2] an
interesting result concerning metrics on finite sets. They prove that every metric of a finite
metric space can be written as a sum of split metrics and a split-prime metric. In [5] the author
presented the notion of a random distance on finite sets. Furthermore in [6, 7] the authors
present some useful algorithms for binary trees. Using the fact that any linear combination of
metrics is a metric, random metrics result from random choice of these metrics. In our paper,
we provide some analysis and interesting algorithms for construction of a random metric
derived from splitting of finite sets. It is important to note that random metric spaces are
geometrically not trivial. Such spaces are characterized only by a metric on finite set. Hence
the geometrical representation poses an interesting challenge.

Our paper is structured as follow. At first we analyze the notion of extremal metrics. This
is followed by a proof of a necessary condition for an extremal metric. The second step is the
analytical and numerical construction of random metrics. In the last step, we report some
numerical simulations of random metrics in comparison to the Euclidean metric.

2. Extremal Pseudometrics

A pseudometric space is a generalization of a metric space in which we allow for the
possibility that d(x,y) = 0 for distinct values of x and y. Thus a pseudometric is a metric if
d(x,y) > 0 for x # y. Let then (X,d) be a finite pseudometric (resp. metric) space, and denote
by M the set of all metrics on X to define Mg as the set of all pseudometrics. We call dy a
pseudometric vector, which is the C3 dimensional vector set of vectors of the form
dv = (d12,...,d1n,d23,...,d2n,...,dn-1n), Where d;; are the entries of the corresponding
pseudometric d. Let us conceive the polyhedron, given as the intersection of the half-spaces
generated by pseudometric vectors, where the extremal pseudometric vectors are intersection
of hyperplanes. We may consider then a pseudometric vector dy € R™. The triple
(dij, djk, dix)), for all i,j,k =1...,m, is called pseudometric card and the triple (Xi,Xj,Xk) IS
called an admissible card if and only if xi, Xj,Xx > 0and xi < X; +x¢; Vi,J,k=1,...,m.

When (X, d) is an n points pseudometric space, we may define the sets R and | as:

R = {@0.j,kli.j,k = 1,...,n, pairwise distinct }-, (1)
I =<tt=1,...,m}.

In other words, the set R clearly represents the indices of all admissible cards, and satisfies the
metric axioms. | is the set of indices, such that the t" components x; represent a distance
between two different points. Forn e N, m = C2,t=1,...,mand i,j,k € {1,...,n}, the maps
It and l;j« defined viz

|t, |i,j,k T R™ — R, (2)
[t(X) = li(X1,...,Xm) = Xi,
lijk(X1, ..., Xm) = Xj + Xk — Xi.

are linear, fort € 1 and (i,j,k) € R. Hence, we define the half-spaces K and K as follows.
Ki={x e R"((x) >0}, Kijx={xeR"lijx(x)>0}. (3)
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The subsets
Ht = {X S Rm“t(X) = 0}, Hi,j,k = {X S Rm“i,j,k(X) = 0}, (4)

are hyperplanes in R™, defined by the extremal conditions on H; and Hjjx. In other words, the
set R represents the indices of all admissible cards, and satisfies the metric axioms. | is the set
of indices, such that the i components x; represent a distance between two different vertices.
Let A be a subset of a finite set X. The split (or cut) metric is a mapping defined as

d(x,y) = 0, if(x,y) e AxAorA®xA°
o 1, otherwise,

where A°® denote the complement set of A in X.

Example 2.1. Let us consider two parallel and distinct real lines P and Q in R?, and define
two points p € P and g € Q such that

d(p,q) =inf d(p,y) = inf d(x,q), ()
yeQ yeQ
where d is an Euclidean metric in R?. Now, we define the map dpq as
dpq : PUQ_’R+’ dpq(X’Y)Z |<W1m>|f (6)

where < -,+ > is the usual scalar product in R2. If we suppose that dyq(p,q) = 1, and since pg
is orthogonal to P and Q, then dq is a pseudometric given as

dpg(X,y) = { 0, if (x,y) € P?or Q2

1, otherwise.

The axioms of a pseudometric are clearly satisfied.

Example 2.2. Let us denote by EX3 the set of the standard pseudometrics c§, c3, c3, c3 of a
three point pseudometric space. That is EX3 = {(0,0,0);(0,1,1);(1,0,1);(1,1,0)}. Hence, we
denote by EX, the set of all pseudometric vectors of all split metrics on the n points set
X={12,...,n}.

A pseudometric d is called extremal metric if for all g,h € My, the following holds:
g+h=d implies g = vd, h = ud with v,u > 0. If d is extremal, then (ad).r+ is called
extremal ray of d. It is important to note that the notion of extremal metric is equivalent to the
notion of an extremal metric vector. This equivalence is easy to prove. Therefore, in the
following we deal only with metric vectors.

Lemma 2.1. An extremal pseudometric vector is given by the intersection of m—1 of the
following hyperplanes

Hi = {x € R"|lt(x) = 0}, t € I; Hijk = {x e Rm“i,j,k(X) = 0}, (i,j,k) € R.

Proof. 1:(x) and lijx(x) represent the nonnegativity of a pseudometric and the triangular
equation respectively. The set of all pseudometric vectors can be written as an intersection of
half-spaces as known in linear programming. So the extremal rays of a pseudometric vector in
our case is exactly the intersection line of m —1 hyperplanes, where m = C3. Using the
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property that the metric vector of an arbitrary metric in a finite metric space is an intersection
between hyperplanes, we propose subsequently a method for finding this intersection set. W

Lemma 2.2. Let (X,d) be a finite points metric space. If X is a three of four points metric
space, then d is an extremal if and only if dy € aEX3 resp. dy € aEX4 for a € R*.

Proof. As in linear programming, note that the intersection of the m — 1 hyperplanes in lemma
2.1 are exactly the extremal pseudometric vectors. In our proof, we look for solutions in the
form of a pseudometric vector. It is clear that the standard metric cards of a three point metric
space satisfy the extremal: (i(x) =0 and (jjx = 0. Moreover, EX3 is a generator of all
pseudometrics in a three points metric space. If (di2,d13,d23) is an arbitrary pseudometric
card in a three points metric space, then it can be written as the following linear combination:

4
d\/ = Za|cé = (dl,21d1,3!d2,3)
i=0

= ch + %[(dlz + d1,3 - dzyg)C% + (dlyz - d1,3 + dzyg)C% + (—dl,z + d1,3 + dz,g)]Cg, (7)
where a;j > 0 fori = 0,1,2,3. Thus, all pseudometrics on X are linear combination of extremal
rays of EXs. Similar to the previous lemma every d, € EX4 can be expressed as a linear
combination of EX4 viz

EXs = {Cg, C%fv Cézh C?‘r! Cﬁ! Cgv C4611 Cz‘r}
= {(0,0,0,0,0,0);(1,1,1,0,0,0);(1,0,0,1,1,0);(0,0,1,0,1,1);
(0,1,0,1,0,1);(0,1,1,1,1,0);(1,0,1,1,0,1);(1,1,0,0,1,1)}. (8)
It can easily be seen that the elements of EX, are solution of the hyperplane intersections

given by lemma 2.1. Consider then a metric on X, dy = (d12;d13;d14;d23;d24;d34),
a,...,a7 € IR, and compute the solution of the following linear system:

7
ZaiCL =dy = (d1,2,d13,d1,4,d23,d24,d34). 9)

i=0
Our next goal would be to check whether the system (9) has a positive and non-zero solution,
namely a1, ...,a7 > 0 and Zi ai > 0. Indeed if we set ap = 0 and a4 = «a, then the system of

equations (9) has the following solution

as = +(di3 +dig —dsa) —a, (10)
as = 5 (d12 +dis —d24) —a, (11)
a7 = 5 (di2 +diz —d23) —a, (12)
a1 = a+ 5 (d3a +dza) — 3(diz +di2), (13)
a2 = o+ 5(d23 +dza) — 3 (da +d12), (14)
a3z = o+ 5 (daa +d23) — 3 (da + dia). (15)

We can show that as, a6 and a7 are positive for all values of the metric vector d, if and only if
a = 0 or 2a is smaller than the diference of all triangular inequalities. In the first case, the
solution (a1, ...,a7) will be an admissible solution if and only if at least one of the «; is strictly
positive. In the equations (10), (11) and (12) we can choose a positive a such that as,as and a7
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are positive. Once we have these conditions, we can also see that a1,a2 and a3 are positive
too. Furthermore, since d is a pseudometric vector, we have:

a1 = 5(d3a +d24) = 5 (d13+d12) > 5(dsa +d2a —d23) 20, (16)
a2 = +(d23 +dss) — 5(d1a +d12) > F(d23 +dzs—d24) >0, 17
a3 = +(daa +d23) — 5 (d14 +d13) > +(d24 +d23—d3s) > 0. (18)

In the second case we choose 2a equal the minimum difference of the triangular
inequalities give by (10)-(12). Thus, replacing a by its explicit value in (13)-(15), the vector
(a1, ...,a7) will be an admissible solution, namely if 2a = di 3 + d14 — d34, to yield

a1 = +(da +d2s —di2) >0, (19)
az = +(d23+diz—diz) >0, (20)
a3z = 5 (dza +d23 —dss) >0, (21)

where the same result can be reached if 2a satisfies the other triangular inequalities given by
equations(11) and (12). Conclusively, the linear system has a non zero and positive solution.
Hence, the extremal metric vectors are exactly the vectors of EX,. |

Theorem 2.1. Every split metric of an n points metric space is extremal if n < 4, and the
unique extremal pseudometrics are the split metrics.

Proof. The fact that the split metric are the unique extremal metrics is trivial if n = 0,1,2 and
if n =3 and n = 4 the result follows from lemma 2.2. Let us consider a subset A of X and
define the following split metric:

docy) = 4 O TTO0Y) € AxAOrATxAS
o 1, otherwise.

Denote by n(A) the cardinal of A. Due to the existence of a bijection between the
corresponding sets, we recall that the extremal pseudometric vector and extremal pseudometric
are equivalent. Let us utilize then the result of lemma 2.2: X is an n points pseudometric space,
then d has exactly C3,, + C3 ¢, triangle of the form co and n(A®)C3 s, + N(A)C3 ¢ triangle of
the form c1. Each triangle satisfies at least one of the following extremal conditions

|t(X) = Xt = 0, or |i,j,k(X) = dij — dik — djk = 0. (22)
If we suppose then that #A = s, then n(A®) = n—sand

CE(A) + Cﬁ(AC) = C3+Ci,
An extremal ray is the intersection of m — 1 = C3 — 1 hyperplanes. Accordingly, we need to
prove that

C3+Cii+(n—-s5)C2+sC% >Ca-1, Vs=0,...,n (23)

The cases n=3 and n =4 of lemma 2.2 satisfy the condition (23). In a five points
pseudometric space, for every s = 0,...,n, we have C? as a total number of triangles in the
form of c3 and/or c3, (‘or c3, c3). Each triangle satisfying at least one intersection condition.
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Since C3 > C2-1, Vn > 5, the corresponding pseudometric vector of d is solution of the
intersection of C% — 1 hyperplanes. Hence, d is extremal. |

Remark 2.1. We conclude from the previous theorems that the split metrics are the unique
extremal metric only if n < 4. Otherwise, for n greater than 4, there exist other extremal
metrics, which are not necessary split metrics. For more details see for example [1].

Lemma 2.3. Let (X,d) be an n points metric space and if EX, is the set of all extremal
pseudometric vectors, then #{d|d € EX,} = 2"

Proof. The power set P(X) of X contains exactly 2" sets. From theorem 2.1, we can utilize the
sets of P(X) to construct all possible elements of EX,. For any subset A of X, of theorem 2.1,
the subsets A and A° define the same extremal pseudometric. Hence, the number of distinct
extremal pseudometrics in EX, is exactly half number of subsets in P(X), namely

n({dld € EX,}) =2"% =21, (24)

|
Lemma 2.4. Let (X,d) be an n points metric space. The following identity is true.

n({chld(x,y) = 1; ¢k € EXa}) = n({chl ch(x,y) = 0; d € EXp}) = 2", (25)

for an arbitrary i = j € {1,...,n}. (In other words, the number of zeros and ones in a fixed
position in the extremal pseudometric vector are equals, and namely to 2"2).

Proof. The result of this lemma means that the number of pseudometric vectors, which has one
of the properties (25) are the same and equal to 2", According to theorem 2.3 we may fix two
points x and y such that x = y and compute all possible combination from X \ {x,y}. Hence,
from n(X\ {x,y}) = n-2,it follows that n(P(X \ {x,y})) = 2"2. This means that there
exists exactly 2"? extremal pseudometric vectors where the component of c,(X,y) is exactly
1. |

Corollary 2.1. Let (X,d) be an n points metric space, then the following sum is satisfied.

2 n-1

Zc;] = 2"2(1,...,1), where (1,...,1) € R™, m = C2. (26)
i=1

Proof. Since the distance between two points using the 2" extremal pseudometrics is in 2"2
cases 0 and in 2"2 cases 1, then the proof follows immediately from lemma 2.4. Here we
propose a method to construct random metrics in a finite metric space. Namely, we use the set
of all split metrics, which is extremal. Its cardinal number is 2"-1. Moreover, let us denote by
EX the set of all extremal metrics in an n points metric space, where EX, < EX. In order to
build a random metric, we use the following constructions and algorithms.

Foric e R"and Ve € EX, a,p € X, themap d, defined as

d(a, B) = D Aee(a, B, (27)
ecEX

is a pseudometric. And if A > 0 for all e € EX, then d is a metric. Indeed since the positive
scalar multiplication with a pseudometric is a pseudometric and the sum of pseudometrics is a
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pseudometric, the sum (27) is a pseudometric. We also note that the set of split metrics is a
subset of all extremal metrics. Now suppose that 2; > 0 fori = 1...,2"%, for all a, 8 € X, then
the set {a} is a subset of X and X \ {a} is the complement set of {a}. Since a + B, it follows
that B e X\ {a}. We may define according to the previous the following extremal
pseudometric

d(x,y) = { 0, if (x,y) € {a} x {a} or X\ {a} x X\ {a}

. (28)
1, otherwise.

As d is an element of EX, so there exists an i, such that c(e, §) = 1. Hence for all ¢, 8 € X
there exists ¢y, such that ¢/ (a, 8) > 0, and if 4; > 0 then d(a, ) > 0, which means that d is a
metric.

In the previous notation, d is called a random metric, whenever the choice of 1. and/or the
choice of e is random. For our numerical simulation of random metrics, we use the following
lemmas to construct a class of random metrics from the class of cut metrics. As before (X,d) is
an n points pseudometric space. If A;, for i = 1...,2"!, is a sequence of independent and
identically distributed random variables on a probability space (Q,F,P) with realization in
10, oo, then the map d(-, -)(w) defined as

2n—1
d(a, B)(@) = D _ Ai(w)ch(a, B), Ch € EXq, (29)
i=1
is a class of random metrics extracted from the set of the cut metrics. For | < {1...,2"1},
Ai € R* /i el ,and A > 0, the map d defined as

d(a, B) = A8(a, B) + D AiCh(a, B), Ch € EXq, (30)
il
is a pseudometric, and if A is strictly positive, d is a metric. Here, ¢ is the discrete metric given
by

5xy) = { 1, ifx+y (31)

0, otherwise.

Since the sum of pseudometrics is a pseudometric for all A; and for all A the sum (30) is a
pseudometric. If A > 0, then for all a, § € X the distance d(a, ) is strict positive since A(a, B)
is strictly positive. Moreover For p € X, the following pseudometric is extremal

1, if(x=pandy=p)or(x#pandy = p)
dp(X,Y) 1—{ (x=pandy =+ p pandy =p

. (32)
0, otherwise.

|
Remark 2.2. The construction of a random metric is based on: (i) random choice of the
coefficients Ae, (ii) random choice of the linearly independent hyperplane equations or (iii) all
assumptions together.

For our numerical simulations of random numbers, we use two random variables, the first
one is uniformly distributed in any positive set of R*. The second one is normally distributed.
The metric is then constructed using one of the algorithms presented bellow.
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2.1. Algorithms for construction of random metrics
In this sub-section we present some algorithms to construct metrics and random metrics.

Algorithm 1. According to formula (28) the following algorithm generates a class of random
metrics.
1. Setd = 0 zero metricand p = 1.

1, if(x=pandy =p)or(x+pandy = p)
0, otherwise.

3. Choose randomly a, > 0; Setd = d + a, dp.
4. If p = n, Return d; Stop. Else, Setp = p+ 1, Go to 2. End.

2. Define dp as dp(X,y) =

Algorithm 2. Relation (29) leads to the following algorithm for constructing only a class of
random metrics that are extractable from split metrics.

1. Setd = 0 zero metric,p = 1andj = 1.

2. Define d, a cut metric of {1,2,3,...,n} as,

3. For p = 1to 2" construct the cut matrics dp.

4. Forj = 1to2"™! do choose randomly a; > 0; Setd = d + a; dj, Return d, End.

Algorithm 3. This is another algorithm for constructing random metrics, as in the preceding
algorithm, from the same class of split metrics.

1. Setd = 0 zero metric, M is a large integer.

2. Forj = 1to M choose randomly a cut matric dj and a; > 0; Setd = d + g; d;,

3. Choose randomly a > 0; Setd = a + d, Return d, End.

Algorithm 4. More generally the following algorithm can be used to construct any random
metric from a convex combination of extremal pseudometrics.

1. Lets(d) = Sumd(x,y),Setd = 0 zero metric, p = 0.

2. Choose randomly C2 — 1 for an equation of type: d(x,y) = 0 and/or

d(x,y) = d(x,z) +d(z,y),Solve d’ in s(d") = 1.

3. For arandom number a € (0,1); Setd = ad + (1—a)d’,andp = p + 1.

4. I1f p = CZ+1, Return d, Stop. Else, Go to 2. End.

2.2. Numerical simulation of random metrics

Let us generate numerical simulations of random metrics and compare them with the the
Euclidean metric. For NP = 8, we present in matrix form two examples of random metrics and
for NP = 25,50 grid points, representing the finite metric space, we plot the geometrical
behavior of the corresponding random metrics. This is done by plotting the two dimensional
function (x,y) » dk(x,y) with k =e,r, where de,d; represent the Euclidean and random
metrics respectively. The used random numbers in our algorithms are uniformly distributed.
The first matrix refers to the Euclidean metric for an equidistant discretization, the second and
the third examples refer obviously to random matrices.
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In order to compare the entries of the considered metrics, we use the metric vector
dy =x = (xl, ,xc2>, as it is denoted in our simulation.
n

On a finite metric space, with NP = 25 and NP = 50 respectively, we plot in Figure 1 the
Euclidean metric vector (first row) of an equidistant discretization of the unit interval to
generate four random vector metrics for each number of points N.

Using a uniformly distributed random number generator and a random choice of split
metrics, the time series plot in Figure 1 clearly shows the difference between the Euclidean
metric vector and the random vector. We have to note that the notion of a distribution is not
reflected by the generated metrics. Work in this direction can therefore be quite valuable in the
future.

Since the metric is defined only on a finite metric space, we have interpolated the graph to
get a continuous representation. Note that the Euclidean metric has the same behavior for
NP = 25 and NP = 50 and thus for any number of points, but the random metric vector
behaviors are different. This is due to the choice of the number of points (NP = 25 and
NP = 50) and to the random effect of the the random generator. More interesting is the
symmetric behavior and the zero diagonal of all simulated random metrics that is illustrated by
Figures 2 and 3. We remark moreover that, for both simulations, the Euclidean metric is
smooth and totally different from the other generated metrics.

3. Concluding Remarks

Generating random metrics leads to the construction of abstract (finite) metric spaces. Its
illustration is an interesting open question. Despite the fact that the reported results pertain
only to academic examples, the method can apparently be extended to more realistic problems.
For instance DNA-problems. Even more interesting should be such constructions on
continuous metric spaces. And to upgrade this method, one has to characterize extremal
metrics on arbitrary spaces. For the considered n points sets, the number 2" increases
exponentially, therefore the cost of the method is that of a problem of NP —hardness. The
choice of different random distributions could reflect well on the numerical and graphical
difference between the simulated extremal metrics.
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