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Abstract. The main purpose of this is paper to study the existence of mild solutions for a class
of fractional neutral stochastic integrodifferential equations with infinite delay in Hilbert
spaces. Using fractional calculus, Schaefer fixed point theorem and stochastic analysis
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result. An example is provided to illustrate the application of this result.
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1. Introduction

It is well known that fractional calculus is a classical mathematical discipline, and
encompasses a generalization of ordinary differentiation and integration to arbitrary (non-
integer) order. Nowadays, studying fractional-order calculus has become an active area of
research([3], [9], [12], [22], [23], [26]). Much effort has been devoted to applying fractional
calculus to networks control, e.g. the works of Chen et al [5], Delshad et al [6], and Wang and
Zhang [21], who studied synchronization for fractional-order complex dynamical networks.
Zhang et al [25] investigated a fractional order three-dimensional Hopfield neural network and
pointed out that chaotic behaviors can emerge in a fractional network.

Fractional differential equations are in fact valuable tools in the modeling of many
phenomena in various fields of science and engineering. Hence, they attracted the attention of
many researchers (cf., e.g., [1] and [16] and references therein). On another note,
integrodifferential equations arise in various applications such as viscoelasticity, heat
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conduction, and many other physical phenomena (cf., e.g., [13],[24] and references therein).
One of the emerging branches of this research is the theory of fractional evolution

equations. These are evolution equations in which the integer derivative with respect to time is
replaced by a derivative of fractional order. The increasing interest in this class of equations is
motivated both by their application to problems ranging from fluid-dynamic traffic models,
viscoelasticity, heat conduction in materials with memory, to electrodynamics with memory,
and also because they can be employed to approach nonlinear conservation laws (see [20] and
references therein). Moreover, neutral stochastic differential equations with infinite delay have
become important in recent years as mathematical models of phenomena in both science and
engineering. For instance, in the theory developed by Gurtin and Pipkin [10] and Nunziato
[18], for the description of heat conduction in materials with fading memory. It should be
pointed out that the deterministic models often fluctuate due to noise, which is random or at
least appears to be so. Therefore, there is a need to move from deterministic problems to
stochastic ones. We mention here the recent papers , [7] ,[8] , concerning the existence of mild
solutions to fractional stochastic systems.

The aim of this paper is to establish the existence of mild solutions to fractional order
neutral stochastic integrodifferential equations with infinite delay of the form

c Dt
xt  Gt,xt  −Axt  ft,xt  

−

t
t, s,xsdWs, t ∈ J  0,b

xt  t , t ∈ −, 0,
1

where 0    1, c D denotes the Caputo fractional derivative operator of order . Here, x. 
lives in a real separable Hilbert space H with inner product , H and the norm ‖‖H. The
operator −A : D−A ⊂ H → H is the infinitesimal generator of a strongly continuous
semigroup of a bounded linear operator St, t ≥ 0, on H. The history xt : −, 0 → Ch,
xt  xt  , ∈ −, 0 belong to the phase space Ch which will be described
axiomatically in Section 2.

Let K be another separable Hilbert space with inner product . , . K and the norm ‖‖K.
Then suppose Wt, t ≥ 0 is a given K-valued Brownian motion or Wiener process with a
finite trace nuclear covariance operator Q ≥ 0 defined on a complete probability space
,F,P equipped with a normal filtration Ftt≥0 which is generated by the Wiener process
W. We are also employing the same notation ‖‖ for the norm of LK,H, where LK,H
denotes the space of all linear bounded operators from K into H .The initial data
  t, t ∈ −, 0 is an F0- measurable, Ch-valued random variable independent of W
with finite second moments, and G : J  Ch → H, f : J  H → H,  : J  J  H → L2

0K,H
are appropriate functions where L2

0K,H denotes the space of all Q-Hilbert Schmidt operators
from K into H.

The article is organized as follows. In section 2, for convenience of readers, we briefly
present some basic notations and preliminaries. The existence of a mild solution to (1) by
Schaefer fixed point theorem is proved in section 3. In the last section, an example is given to
illustrate the obtained result.
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2. Preliminaries

Let ,F, Ftt≥0,P be a filtered complete probability space satisfying the usual
conditions (i.e. right continuous and F0 containing all P-null sets). An H valued random
variable is an F measurable function xt :  → H and a collection of random variables
V  xt,w :  → H, t ∈ J is called a stochastic process. Generally we just write xt
instead of xt,w and xt : J → H in the space of V. Let eii1

 be a complete orthonormal
basis of K. Suppose that Wt, t ≥ 0 is a cylindrical K-valued Wiener process with a finite
trace nuclear covariance operator Q ≥ 0, and TrQ  ∑ i1

 i  , which satisfies that
Qei  iei , i  1,2, . . . , and a sequence of independent Brownian motions ii≥1 such that

Wt,eK ∑
i 1



i ei,eKit, e ∈ K t ≥ 0.

Let L2
0  L2Q

1
2 K,H be the space of all Hilbert Schmidt operators from Q 1

2 K to H with the
inner product 〈,L2

0  trQ∗.
Throughout , −A shall be the infinitesimal generator of an analytic semigroup Stt≥0 of

uniformly bounded linear operators on H. For the semigroup St, there is an M ≥ 1 such that
‖St‖ ≤ M. Note also that 0 ∈ −A, the resolvent set of −A . Then, for  ∈ 0,1, it is
possible to define the fractional power operator A as a closed linear operator on its domain
DA. Furthermore, the subspace DA is dense in H and the expression
‖x‖  ‖Ax‖, x ∈ DA,

defines a norm on H  DA. Next we list the following well known properties.

Lemma [19] 2.1. Under the preceding conditions,
(i) If 0     ≤ 1, then H ⊂ H and the embedding is compact whenever the resolvent
operator of A is compact.
(ii) For every  ∈ 0,1, there exists a positive constant C such that

‖ASt‖ ≤ C

t , t  0.

To present the abstract phase space Ch, assume that h : −, 0 → 0, with
l  

−

0
htdt   , a continuous function. Recall that Ch is defined by

Ch   : −, 0 → H, for any a  0, E||21/2 is bounded and measurable function on
−a, 0 and 

−

0
hs

s≤≤0
sup E||21/2ds  .

If Ch is endowed with the norm

‖‖Ch
 

−

0
hs

s≤≤0
sup E||2

1
2 ds,  ∈ Ch ,
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then Ch,‖. ‖Ch
 is a Banach space [14].

Now, we consider the space,
Ch

′  x : −,b → H,x0   ∈ Ch,
to set ‖. ‖b as a seminorm defined by
‖x‖b  ‖x0‖Ch


s∈0,b
sup E|xs|2

1
2 , x ∈ Ch

′ .

This leads to the following useful lemma which appeared in [4] and [14].

Lemma [4] 2.2. Assume that x ∈ Ch
′, , then for all t ∈ J, xt ∈ Ch , ,

lE|xt|2
1
2 ≤ ‖xt‖Ch

≤ l
s∈0,t
sup E|xs|2

1
2  ‖x0‖Ch

,

where l  
−

0
hsds   .

Let us now recall some basic definitions and results of fractional calculus.

Definition 2.1. The fractional integral of order  with the lower limit 0 for a function f is
defined as

If  1
Γ


0

t fs
t−s1− ds , t  0 ,   0 , ,

provided the right-hand side is pointwise defined on 0,, where Γ.  is the gamma function.

Definition 2.2. The Caputo derivative of order  with the lower limit 0 for a function f can be
written as

c Dft  1
Γn− 0

t fns
t−s1−n ds  In−fnt, t  0, 0 ≤ n − 1    n . ,

If f is an abstract function with values in H, then the integrals appearing in the above
definitions are taken in Bochner’s sense [15]. At the end of this section, we also recall the
fixed point theorem of Schaefer, which is used to establish the existence of the mild solution to
the system (1).

Lemma [11] 2.3. Let v. ,w.  : 0,b → 0, be continuous function. If w.  is
nondecreasing and there exist two constants  ≥ 0 and 0    1 such that

vt ≤ wt   
0

t vs
t−s1− ds, t ∈ J , ,

then

vt ≤ enΓntn/Γn∑
j0

n−1
b


j
wt, ,
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for every t ∈ 0,b and every n ∈ N such that n  1 and Γ.  is the Gamma function.

Lemma 2.4. Let X be a Banach space and  : X → X be a completely continuous map. If the
set
U  x ∈ X : x  x for some   1 ,

is bounded, then  has a fixed point.

3. Global Existence of a Mild Solution

Motivated by [8, 17], we give the following definition of a mild solution to the system 1.

Definition 3.1. An H-valued stochastic process xt, t ∈ −, b is said to be a mild solution
of the system 1 if
∙ x(t) is Ft-adapted and measurable, t ≥ 0.
∙ x(t) is continuous on 0,b almost surely and for each s ∈ 0, t, the function
t − s−1ATt − sGs,xs is integrable in order that the following stochastic integral equation
holds.

xt  St0  G0, − Gt,xt − 
0

t
t − s−1ATt − sGs,xsds

 
0

t
t − s−1Tt − sfs,xsds

 
0

t
t − s−1Tt − s 

−

s
s,,xdW ds

∙ xt  t on −, 0 satisfying ‖‖Ch

2  , where

Stx  
0


 Stxd, Ttx   

0


 Stxd ,

and  is a probability density function defined on 0,.
The following properties of St and Tt, which appeared in 26, are to be employed in

this analysis.

Lemma 3.1. The operators St and Tt have the following properties.
(i) For any fixed t ≥ 0, St and Tt are linear and bounded operators such that for any
x ∈ H,

‖Stx‖H ≤ M‖x‖H and ‖Ttx‖H ≤
M

Γ1
‖x‖H .

(ii) St and Tt are strongly continuous and compact.
(iii) For any x ∈ H,  ∈ 0,1 and  ∈ 0,1 we have

ATtx  A1−TtAx and ‖ATt‖ ≤
CΓ2−

tΓ11− , t ∈ 0,b.
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In order to obtain our existence result, we also need the following assumptions.
H0 : -A is the infinitesimal generator of an analytic semigroup of bounded linear operators
St in H, 0 ∈ −A, S(t) is compact for t  0. And there exists a positive constant M such
that ‖St‖ ≤ M.

H1 : The function G : J  Ch → H is continuous and there exist some constants LG  0,
 ∈ 0,1, such that G is H-valued and
E‖AGt,x − AGt,y‖H

2 ≤ LG‖x − y‖Ch

2 ,x,y ∈ Ch, t ∈ J ,

E‖AGt,x‖H
2 ≤ LG1  ‖x‖Ch

2  .

H2 : For each  ∈ Ch ,

Kt 
a→
lim 

0−a

0
t, s,dWs

exists and is continuous. Furthermore, there exists a positive constant Mk such that
E‖Kt‖H

2 ≤ Mk .

H3 f : J  Ch → H satisfies the following:
(i) ft, .  : Ch → H is continuous for each t ∈ J and for each x ∈ Ch, f. ,x : J → H is
strongly measurable,
(ii) there is a positive integrable function Pf ∈ L10,b and a continuous nondecreasing
function 1 : 0, → 0, such that for every t,x ∈ J  Ch, we have

E‖ft,x‖H
2 ≤ Pft1‖x‖Ch

2 ,
r→

lim inf 1r
r ds     .

H4  : J  J  Ch → LK,H satisfies the following:
(i) for each t, s ∈ D  J  J ,t, s, .  : Ch → LK,H is continuous and for each x ∈ Ch,
. , . ,x : D → LK,H is strongly measurable,
(ii) there is a positive integrable function P ∈ L10,b and a continuous nondecreasing
function 2 : 0, → 0, such that for every t, s,x ∈ J  J  Ch, we have


0

t
E‖t, s,x‖L2

0
2 ds ≤ Pt2‖x‖Ch

2 ,
r→

lim inf 2r
r ds     .

H5 :
Q0  2l25‖A−B‖2Lg 2

Q1  2‖‖Ch

2  2l2H̄ 3

Q2  10l2 2C1−
2 Γ2

1

Γ2
1

LGb
 4
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Q3  10bl2 M
Γ1

2 b2

2 5

Q4  20bl2 M
Γ1

2 b2

2 TrQ 6

N1 
Q1

1−Q0
, N2 

Q2
1−Q0

, N3 
Q3

1−Q0
, N4 

Q4
1−Q0

7

H̄  10M2C1  C2  5‖A−B‖2Lg

 5 
2C1−

2 Γ2
1

Γ2
1

LGb2

2  10b M
Γ1

2 b2

2 Mk 8

H6 :


0

b
sds ≤ 

C0N1

 ds
1s2s

,

where
t  maxC0N2t−1Pft,C0N3t−1Pt .

The main objective of this paper is to explain and prove the following result.

Theorem 3.1. Assume that the assumptions H0 − H5 hold. Then there exists a mild solution
to the system 1.

Proof. We transform the problem 1 into a fixed point problem, starting with considering the
map D : Ch

′ → Ch
′ defined by

Dxt 

t , t ∈ −, 0

St0  G0, − Gt,xt  
0

t
t − s−1Tt − sfs,xsds

− 
0

t
t − s−1ATt − sGs,xsds

 
0

t
t − s−1Tt − s 

−

s
s,,xdW ds , t ∈ J.

9

By virtue of lemma 3.1, it follows that
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E 
0

t
t − s−1ATt − sGs,xsds

H

2

≤ E 
0

t
‖t − s−1A1−Tt − sAGs,xs‖Hds

2

≤ 2C1−
2 Γ2

1

Γ2
1

E 
0

t
‖t − s−1AGs,xs‖Hds

2
.

Next apply the Hölder inequality with assumption H1 to establish that

E 
0

t
t − s−1ATt − sGs,xsds

H

2

≤ 2C1−
2 Γ2

1

Γ2
1


0

t
t − s−1ds 

0

t
t − s−1E‖AGs,xs‖H

2 ds

≤ 2C1−
2 Γ2

1

Γ2
1

b
 0

t
t − s−1E‖AGs,xs‖H

2 ds

≤ 2C1−
2 Γ2

1

Γ2
1

LGb
 0

t
t − s−11  ‖xs‖Ch

2 ds ,

which indicates that t − s−1ATt − sGs,xs is Bochner integrable on J (see 15 and
lemma 2.2).

We shall show then that D has a fixed point, which is then a mild solution to the system
1. For  ∈ Ch, define

̃t 
t , t ∈ −, 0

St0 , t ∈ J .
10

Then ̃ ∈ Ch
′ . Next let xt  ̃t  zt, −  t ≤ b. It is easy to see that x satisfies (1) if and

only if z satisfies z0  0 and

zt  StG0, − Gt, ̃t  zt − 
0

t
t − s−1ATt − sGs, ̃s  zsds

 
0

t
t − s−1Tt − sfs, ̃s  zsds

 
0

t
t − s−1Tt − s 

−

s
s,, ̃  zdW ds .

If
Ch

′′  z ∈ Ch
′ , z0  0 ∈ Ch ,

then for any z ∈ Ch
′′ , we have

‖z‖b  ‖z0‖Ch


s∈0,b
sup E‖zs‖2

1
2 

s∈0,b
sup E‖zs‖2

1
2 .

Thus Ch
′′ ,‖. ‖b is a Banach space. Now set
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Bq  y ∈ Ch
′′ ,‖y‖b

2 ≤ q, for some q ≥ 0,
to observe that Bq ⊂ Ch

′′ is uniformly bounded.
Moreover, for z ∈ Bq, by lemma 3.1, we have
‖zt  ̃t‖Ch

2 ≤ 2‖zt‖Ch

2  ‖̃t‖Ch

2


≤ 4l2

s∈0,t
sup E‖zs‖2  ‖z0‖Ch

2  l2

s∈0,t
sup E‖̃s‖2

 ‖̃0‖Ch

2


≤ 4l2q  M2E‖0‖H
2   4‖‖Ch

2

 q̀ .
Define the operator  : Ch

′′ → Ch
′′ by

zt 

0, t ∈ −, 0

StG0, − Gt, ̃t  zt − 
0

t
t − s−1ATt − sGs, ̃s  zsds

 
0

t
t − s−1Tt − sfs, ̃s  zsds

 
0

t
t − s−1Tt − s 

−

s
s,, ̃  zdW ds, t ∈ J .

And observe that  is well defined on Bq for each q  0.
Obviously, the operator D has a fixed point if and only if  has a fixed point.

Then we shall prove, in 3 steps, that the operator  is a completely continuous operator.

Step 1∘
We first show that  maps Bq into an equicontinuous family. Let z ∈ Bq and t1, t2 ∈ J and

  0. Then if 0    t1  t2  b and
E‖zt1 − zt2‖H

2

≤ 5‖St1 − St2‖H
2 E‖G0,‖H

2

 5E‖Gt1, ̃t1  zt1 − Gt2, ̃t2  zt2‖H
2

 15E 
0

t1−
t1 − s−1ATt1 − s − t2 − s−1ATt2 − sGs, ̃s  zsds

H

2

 15E 
t1−

t1
t1 − s−1ATt1 − s − t2 − s−1ATt2 − sGs, ̃s  zsds

H

2

 15E 
t1

t2
t2 − s−1ATt2 − sGs, ̃s  zsds

H

2
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 15E 
0

t1−
t1 − s−1Tt1 − s − t2 − s−1Tt2 − sfs, ̃s  zsds

H

2

 15E 
t1−

t1
t1 − s−1Tt1 − s − t2 − s−1Tt2 − sfs, ̃s  zsds

H

2

 15E 
t1

t2
t2 − s−1Tt2 − sfs, ̃s  zsds

H

2

 15E 
0

t1−
t1 − s−1Tt1 − s − t2 − s−1Tt2 − s 

−

s
s,, ̃  zdW ds

H

2

 15E 
t1−

t2
t1 − s−1Tt1 − s − t2 − s−1Tt2 − s 

−

s
s,, ̃  zdW ds

H

2

 15E 
t1

t2
t2 − s−1Tt2 − s 

−

s
s,, ̃  zdW ds

H

2
.

Therefore

E‖zt1 − zt2‖H
2

≤ 5‖St1 − St2‖H
2 E‖G0,‖H

2

 5‖A−B‖2LG‖zt1 − zt2‖Ch

2

 15 
0

t1−
‖t1 − s−1A1−BTt1 − s − t2 − s−1A1−BTt2 − s‖H

2 LG1  ‖̃s  zs‖Ch

2
ds

 15 
t1−

t1
‖t1 − s−1A1−BTt1 − s − t2 − s−1A1−BTt2 − s‖H

2 LG1  ‖̃s  zs‖Ch

2
ds

 15 
t1

t2
‖t2 − s−1A1−BTt2 − s‖H

2 LG1  ‖̃s  zs‖Ch

2
ds

 15b 
0

t1−
‖t1 − s−1Tt1 − s − t2 − s−1Tt2 − s‖H

2 Pfs1‖̃s  zs
q‖Ch

2
ds

 15b 
t1−

t1
‖t1 − s−1Tt1 − s − t2 − s−1A1−BTt2 − s‖H

2 Pfs1‖̃s  zs
q‖Ch

2
ds

 15b 
t1

t2
‖t2 − s−1Tt2 − s‖H

2 Pfs1‖̃s  zs
q‖Ch

2
ds

 15b 
0

t1−
‖t1 − s−1Tt1 − s − t2 − s−1Tt2 − s‖H

2 2Mk  2TrQPs

2‖̃s  zs
q‖Ch

2
ds

 15b 
t1−

t1
‖t1 − s−1ATt1 − s − t2 − s−1A1−BTt2 − s‖H

2
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2Mk  2TrQPs2‖̃s  zs
q‖Ch

2
ds

 15b 
t1

t2
‖t2 − s−1ATt2 − s‖H

2 2Mk  2TrQPs2‖̃s  zs
q‖Ch

2
ds .

The right hand side is independent of z ∈ Bq and tends to zero as t2 − t1 → 0 and  sufficiently
small, since the compactness of St and Tt for t  0 implies the continuity in the uniform
operator topology.

Thus  maps Bq into an equicontinuous family of functions. Clearly the family Bq is
uniformly bounded.

Step 2∘
Next, we show that Bq is compact. Since we have shown that Bq is an equicontinuous

collection, it suffices by Arzela − Ascoli theorem to show that  maps Bq into a precompact set
in H.
Let 0 ≤ t ≤ b be fixed and  be a real number satisfying 0    t. For z ∈ Bq, we define

zt  StG0, − Gt, ̃t  zt − 
0

t−
t − s−1ATt − sGs, ̃s  zsds

 
0

t−
t − s−1Tt − sfs, ̃s  zsds

 
0

t−
t − s−1Tt − s 

−

s
s,, ̃  zdW ds

 StG0, − Gt, ̃t  zt − T 
0

t−
t − s − −1ATt − s − Gs, ̃s  zsds

 T 
0

t−
t − s − −1Tt − s − fs, ̃s  zsds

 T 
0

t−
t − s − −1Tt − s −  

−

s
s,, ̃  zdW ds.

Since St and Tt are compact, the set Vt  zt : z ∈ Bq is precompact in H, for
every ; 0    t. Moreover, for every z ∈ Bq we have

E‖zt − tz‖2 ≤ 3
2C1−

2 Γ21  
Γ21  

LGb
 t−

t
t − s−11  q̀ds

 3b M

Γ1  

2
b
 t−

t
t − s−1Pfs1q̀ds

 3b M

Γ1  

2
b
 t−

t
t − s−12Mk  2TrQPs2q̀ds.

Therefore,
E‖zt − zt‖2 → 0 , as  → 0 ,
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and there are precompact sets arbitrarily close to the set zt : z ∈ Bq Thus, the set
zt : z ∈ Bq is precompact in H.

Step 3∘
It remains to show that  : Ch

′′ → Ch
′′ is continuous. Let znn0

 be a sequence in Ch
′′ such

that zn → z in Ch
′′ . Then, there is a number q ≥ 0 such that |znt| ≤ q for all n and a.e. t ∈ J,

so zn ∈ Bq and z ∈ Bq. Clearly
AGt, zt

n  ̃t → AGt, zt  ̃t,

ft, zt
n  ̃t → ft, zt  ̃t,

s,, zn  ̃ → 
0

t
s,, z  ̃,

for t ∈ J, and since

E ABGt, zs
n − ABGt, zt

2
≤ 2q ′ t,

E ft, zs
n − ft, zt

2
≤ 2Pft1q

′,

E s,, zn − s,, zn
2
≤ 2Pt2q

′,

then by the dominated convergence theorem, it follows that

E zt
n − zt

2
≤ 4sup

t∈J
E Gt, zt − Gt, zt

n
2

 4sup
t∈J

E 
0

t
t − s−1ATt − sGt, zs − Gt, zs

nds
2

 4b sup
t∈J

E 
0

t
t − s−1Tt − sft, zs

n − ft, zsds
2

 4b sup
t∈J

E 
0

t
t − s−1Tt − s 

−

s
s,, zn − s,, zdw ds

2

≤ 4‖A−B‖2E ABGt, zs
n − ABGt, zt

2

 4
2C1−

2 Γ21  
Γ21  

b2

2 0

t
E ABGs, zs

n − ABGs, zs
2
ds

 4b M

Γ1  

2
b2

2 0

t
E ft, zs

n − ft, zs
2
ds

 4b M

Γ1  

2
b2

2 0

t
E 

−

s
s,, zn − s,, z dw

2
ds

→ 0 as n →  .

Thus  is continuous. This completes the proof that  is completely continuous.

Now, we shall prove that the set
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U  x ∈ Ch
′ : x  x for some   1

is bounded.
Let x ∈ U. Then x  x for some   1, and
xt  −1St0  G0, − −1Gt,xt

− −1 
0

t
t − s−1ATt − sGs,xsds

 −1 
0

t
t − s−1Tt − sfs,xsds

 −1 
0

t
t − s−1Tt − s 

−

s
s,,xdW ds .

E‖xt‖2 ≤ 5E‖St0  G0,‖H
2  5‖Gt,xt‖H

2

 5E 
0

t
t − s−1ATt − sGs,xsds

H

2

 5E 
0

t
t − s−1Tt − sfs,xsds

H

2

 5E 
0

t
t − s−1Tt − s 

−

s
s,,xdW ds

H

2

≤ 10M2C1  C2  5‖A−B‖2Lg‖x‖Ch

2  1

 5
2C1−

2 Γ21  
Γ21  

LGb
 0

t
t − s−11  ‖xs‖Ch

2 ds

 5b M

Γ1  

2
b
 0

t
t − s−1Pfs1‖xs‖Ch

2 ds

 5b M

Γ1  

2
b
 0

t
t − s−12Mk  2TrQPs2‖xs‖Ch

2 ds .

Observe then that the function , defined by
t  supE‖xs‖2, 0 ≤ s ≤ t, 0 ≤ t ≤ b ,

is bounded.
From Lemma 2.2 and the above inequality we have
E‖xt‖2  2‖‖Ch

2  2l2

0≤s≤t
sup E‖xs‖2 .

Therefore
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t ≤ 2‖‖Ch

2  2l2H̄  5‖A−B‖2Lgt  5
2C1−

2 Γ21  
Γ21  

LGb
 0

t
t − s−1sds

 5b M

Γ1  

2
b
 0

t
t − s−1Pfs1sds

 10b M

Γ1  

2
b
 0

t
t − s−1TrQPs2sds,

where H̄ is defined in (8). Thus, we have

t ≤ N1  N2 
0

t s
t−s1− ds  N3 

0

t
Pfs1sds

 N4 
0

t
Ps2sds ,

where N1,N2,N3,N4 are given in (7). By lemma 2.3, we have

t ≤ C0N1  N3 
0

t
Pfs1sds  N4 

0

t
Ps2sds ,

where

C0  eN2
nΓnbn/Γn∑

j0

n−1 N2b


j

.

Denote then by t the right hand side of the last inequality to write 0  C0N1 and
̀t ≤ C0N3Pft1t  N4Pt2t ,
̀t ≤ C0N3Pft1t  N4Pt2t .

Or equivalently by H6, we have


0

t ds
1s 2s

≤ 
0

b
sds  

C0N1

 ds
1s 2s

.

This inequality implies that there is a constant K such that t ≤ K, t ∈ J and hence t ≤ K,
t ∈ J. Furthermore, we get ‖xt‖Ch

2 ≤ t ≤ t ≤ K, t ∈ J.
As a consequence of lemma 2.4 we deduce that  has a fixed point, which is a mild

solution of (1). Here the proof ends. 

4. Illustrative Example

Consider the following fractional neutral stochastic partial differential equation with
infinite delay of the form:
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c Dt
ut,x − Gt,ut − h,x  ∂2

∂x2 ut,x  ft,ut − h,x


−

t
s,us − h,xdWs , 0 ≤ x ≤ ,h  0 , t ∈ J  0,b,

ut, 0  ut,  0, t ∈ 0,b,
ut,x  t,x, t ∈ −, 0,

11

where  ∈ 0,1, and Wt is a standard cylindrical Wiener process defined on a stochastic
basis ,F, Ftt≥0,P.

To rewrite this system into the abstract form (1), let H  L20, with the norm ‖. ‖, and
define A : H → H by AtZ  z ′′ with the domain
DA  x.  ∈ H : x, x ′are absolutely continuous,x ′′ ∈ H,x0  x  0 .

Then A generates a symmetric C0-semigroup e−tA in H∦ and there exists a complete
orthonormal set zn,n  1,2, . . . of eigenvectors of A with
zns  2

 sinns,n  1,2, . . . . .

Moreover, the operator A− 1
2 is given by

A− 1
2  ∑

n1



n〈, zn zn

on the space DA− 1
2   .  ∈ H :∑

n1



n〈, zn zn ∈ H.

Now, we consider a special Ch space. Let hs  e2s, s  0, then l  
−

0 hsds  1
2 . Also

let

A‖‖Ch
 

−

0
hs

s≤≤0
sup E ‖‖2 1

2 ds .

Then Ch,‖. ‖Ch
 is a Banach space.

Hence, for t, ∈ 0,b  Ch, where   ,, , ∈ −, 0  0,. Next, we may
set ut  ut,, and define the functions G, f : J  Ch → H,  : J  Ch → L2

0H,H for
the infinite delay as follows:

−A 1
2 Gt,x  

−

0
1xd ,

ft,x  
−

0
2t,x,G1xd ,

t,x  
−

0
3t,x,G2xd .

At this point, we can possibly impose some hypotheses on i, i  1,2,3, and Gk, k  1, 2
(see 2), to satisfy the assumptions stated in theorem 3.1 here. Thus, there exists a mild
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solution to the system (11).
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