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Abstract. We prove a necessary and sufficient condition for optimal control of a controlled
forward-backward stochastic differential equation with random jumps of the mean-field type.
The coefficients of our system decide the law of the solution, the control variable is allowed to
enter both the diffusion and jumps coefficients.
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1. Introduction

We study a stochastic control problem in which the controlled state process is driven by
both a Brownian motion and a compensated Poisson random measure where the state process
is governed by a forward-backward stochastic differential equation with jumps of the
mean-field type, which is called a Mckean-Vlasov type equation, in the sense that the
coefficients of the FBSDE with jumps are allowed to depend on the state of the process as well
as on its expected value. More precisely, the controlled FBSDE is defined as

de, =B [ft,x) xi,ve) Jde+ B [o(t, (x0) ,xi,v0) ]dB:

+ E’[IE c(t, (x_,)/,x_;,v,,e> :|N(de,dt),

—dy, = E/|:J.E g(t,(x0)", 1), 20)', (r(e)) \x1,y0, 20, 74(€), vi)m (de) :|df

48



49 N. CHAOUCHKHOUANE, B. LABED, and L. TAMER

— 2.dB, - j r(e)N(de, dt),
E
X0 = X,

yr = E[o(kr) xr) ], 1)

for some functions f, o, ¢, g, ®, Brownian motion B and a compensated Poisson random
measure N. The control v, is allowed to take values in some control state space U and in a cost
functional

o) =B [ B[ 10060,00\ 6D 0@ xtvtiztrie),v ) atde) Jar
+ B[R xn) + (09 08) 1] )

The state equation (1) and the cost functional (2) have other forms such as:
dx; = J. At x(0"),x,vi(0', ))P(da)/)dl‘-i'j o(t,x(w"),x,vi(w',))P(do")dB,
Q Q

+ j ) jE c(t,x-i(@),x-0,vi(@', ), e)P(do YN(de, dr),

—dy, = jg jE 2(t,x(0),v:(0), 200", 7 (@', ), %0, v1 20, 71(€), vi(@', ) P(deo e (de )it

)
—2.dB, - f r(e)N(de, dr),
E
X0 = X,
yr = jg O(xr(w'),xr)P(do"),
and .
Jo0) =B [ 1@ 51,20, 0@ ), 2@, v ) Pl yade)ds
# [ eH@) ) + 10, 35)P@) | (4)

The mean-field models were initially suggested to study the aggregate behavior of a large
number of mutually interacting particles in diverse areas of statistical mechanics (e.g., in the
derivation of Boltzmann or Vlasov equation in the kinetic gas theory), quantum mechanics and
quantum chemistry ( e.g., the density functional models or also Hartree and Hartree-Fock type
models), economics, finance and game theory. For N players of stochastic differential games
and the related problem of the existence of Nash equilibrium points, one can let » tend to
infinity to derive, in a periodic setting, the mean filed limit equation. In Buckdahn et al. [4], the
authors studied the mean field backward stochastic differential equation by using a purely
stochastic approach. Recently Carmona et al. [6, 7, 8] proved an existence result for the
solution of a fully coupled forward-backward stochastic differential equation of the mean-field
model by applying the Wasserstein’s distance. In that case the law of the solution is present in
the drift and volatility. The stochastic maximum principle for controlled systems has been
investigated by many authors. To list some of them, we mention Kushner [12], Bismut [2, 3],
Haussmann [10, 11],Peng [16], Situ [19], @ksendal and Sulem [15], Elliot [9], Tang and Li
[20], and Shi and Wu [18]. The stochastic maximum principle (SMP) in the mean-field model
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was obtained by Buckdahn et al. [5], Anderson and Djehiche [1], Meyer-Brandis et al. [14],
and Li [13]. The first version of the SMP for the mean-field model with jumps was proved by
Shen and Siu in [17] with an application to the mean variance problem. Our contribution to this
subject is to extend the result of Juan Li in forward backward stochastic control with jumps in
the mean-field type controls, to prove the maximum principle in the case where the system is a
decoupled controlled forward-backward stochastic differential equation governed by Brownian
motion and Poisson random measure. Assuming that the state variable control is convex, we
use a convex classical perturbation; and since the domain control is convex, we use only one
adjoint process. This will lead to a necessary condition for optimality; and with some
additional convexity conditions we prove the sufficient conditions.

Our paper is organized as follows. In the second section, we will explain the problem and
give its necessary preliminaries and notations and provide some results about the mean-field
FBSDEs. Section 3 contains a formulation of the SMP. The associated variational equations
and variational inequality are presented in section 4, while section 5 is devoted to the
pertaining adjoint equation. Section 6 reports on the necessary and sufficient conditions for
optimality, which are our main result. An illustrative application in finally provided in section
7.

2. Preliminaries and Notation

Let (Q2, F,F,,P) be a complete probability space where {F, : t > 0} is a filtration
satisfying the usual conditions, {F;}., is generated by the following two mutually

independent stochastic processes:
(i) a d-dimensional standard Brownian motion {B} ..

(if) a Poisson random measure N on R, x E, where £ = R’ - {0} is equipped with its Borel
field B(E). The compensator of N is N(dt,de) = dtr(de) which  makes

{N((O,t] xA4) = (N-N)((0,] ><A)}t>0 a martingale. For all 4 e B(E) satisfying
n(A) < oo. Here x is an arbitrarily given o —finite Lévy measure on (E,B(E)), i.e a measure
on (E,B(E)) with the property that jE(l/\|e|2)7r(de) < oo. We set T to be an arbitrarily
prescribed positive number and we call [0, T'] the time duration. We assume

F = 0|:”(0 Vs de) s s A e B(E):| Vo[B, :s<t]VAN,

where A denotes the totality of P —null sets. We also introduce the following spaces of
processes which are used in what follows. Let S?([0,T],IR) denote the set of real valued and
F,—adapted cadlag process (¥(¢) )te[oﬂ which satisfy E[ supicjon|¥(1)]* < +o0]. Then
M?([0,T],R") denote the set of n —dimensional, F, —progressively measurable process
((0) ) o » SUCh that [ ¥ I3 = E[ | §|‘P(t)|2dt < +oo]We also denote by F2([0, T],R™), the
set of function m —dimensional f{.,¢,¢) , define in Q x [0, 7] x E, and P ® B(E) —measurable
mapping such that : [/]|? = EfijElf(t,e)Fn(de)dt < 4o

Let us now consider a function g : Q x [0,7] x R x R x L2(E, B(E),n;R) - R with the
property that (g(¢,y,z, )01 is P measurable for each (y,z,7) inR x R? x L2(E, B(E), m;R),

and we also make the following assumption on g.
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(H1) : There exists a constant C > 0 such that for all € [0,7] y1, y2 € R, z1, z2 € RY, r1,
ra € L2(E,B(E),n;R),
lg01,21,71) — g2, z2,r2)| < Cly1 — y2| + |21 — 22| + |[r1 = r2]]), a.s.

(H2) : g(.,0,0,0) € M?([0,T],R).
The following results on BSDE with jumps is by now well known, for its proof, see
Lemma 2.4 in Tang and Li [20].

Lemma 2.1. Under assumptions (H1) and (H2), for any random variable & € L?(Q, Fr, P),
the BSDE with jumps
T T T ~
V= ¢§+I g(t,ys,zs,rs)ds —_[ zsst—_[ f rs(e)N(de,ds), 0 <t <T,
t t t E
has a unique adapted solution (y,z:,r;) € S?([0,T],R) x M?([0, T],R?) x F2([0, T],R).

2.1. Mean-Field BSDEs with jumps

Let (,F,P) = (QxQ,FQ® F,P® P) be a non completed product of (Q,F,P) with
itself. We endow this product space with the filtration 7, = F, ® F,. Any random variable
& e L%Q,F,P;R")  originally  defined on Q is  extended canonically
to Q: &, ) =) (0,0)eQ For any 0elL(Q,FP) the variable
0(.,) - R belongs to L1(Q, F,P), P(dw) — a.s. We denote its expectation by
E'[0(.,0)] = j (', @)P(do").

Q
We note that E'[0] = E'[0(.,®)] € L1 (Q, F, P), and
E[0] = j 0dP = j B'[6(.,0)]P(dw) = B[E'[0]].
Q Q

Forall (7,2, 7,y,2,7) € (R x R x L2(E, B(E), ©;R))?,
g:Qx[0,T] x (RxR?xL2E, lS’(E),;r;R))2 — R is a measurable process such that

g(.,7,Z,7,y,z,r) is a F, adapted for all (7,Z,7,,z,r), and which satisfies the following
assumptions.

(H3) There exists a constant C > 0 such that P — a.s, V¢ € [0, T], ,
(71,21, T1y12171), (75,22, 72,52, 22,72)) € (R x RY x L2(E,B(E),n;R))".

lg(¥ 1,21, 71, y1,21,71) — (75,22, 72,y2,22,72)| < C([Fy — ¥, | + 21 — 22
+ |71 =Tl + 1 —y2| + |22 — z2| + |lr1 — 72

(H4) g(.,0,0,0,0,0,0) € M?([0,T],R).
We now recall a result of Shen and Siu [17].

Lemma 2.1. Under the assumption (H3) and (H4), for any random variable
e L%(Q, Fr,P), the mean-field BSDEs with jumps

ye=§&+ IjE’[g(t,yé,Zé,ys,Zs)]ds - J'[TstBs - Jij rs(e)]’V(de,ds) (5)
has a unique adapted solution (y:,z.,7.(.)) € S?([0,T],R) x M?([0, T],R¥) x F3([0,T],R).
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Remark 2.1. We emphasize that, due to our notations, the driving coefficient of (5) has to be
interpreted as follows
B'Te(s,v0 25 76y 25, 75) (@) = B'lg(5,y5, 25,74, y5(0),25(@),75(@))]
=I 2(0",0,5,y,(0"),z5(0"),75(0"),ys(w), 2,(®), 75 (@) ) P(do").
Q

2.2. McKean-Vlasov SDEs with jumps

We also introduce the McKean-Vlasov type SDEs with jumps [17]. Let f': Qx[0,T] x R”
xR" > R", ¢ :Qx[0,T]xR"xR" - R™andc : [0,7] x R" x R" x E - R" be
measurable functions which are supposed to be satisfied by the following conditions.

(H5) : f.,%x), o(,%x) and c(.,% x,e) are JF- progressively measurable continuous
processes, for all X, x € R”, and there exists some constant C > 0 such that:

[t 5,2 +|o(t,%,x)|° +j le(t,%,x,€)[*r(de) < C(L+ [K|* + x|?),
E
a.s, forall0 <¢< T Xxx e R"

(H6) : There exists some constant C > O such thata.s, forall0 <¢< T, X, x € R" :

[t %1,x1) — f{t,%2,x2) 2 < C(|f1 — %2|? + 1 — x2[?),
lo(t,%1,x1) — 0(t,%2,x2)|? < C(Ik1 — X2|% + 1 — x2]%),

j lc(t,X1,x1,e) — c(t,fcz,xz,e)|27r(de) < C(|*1 —562|2 + |x1 —x2|2).
E

Theorem 2.2. Under assumptions (H5) and (H6), the mean-field SDE
dxt = El[f(t, (x,)/,x;> ]dt + E/[G(t, (xt)/,x,) :|de

+E’[ | () vne) ]N(de, dn), (6)

X0 = X,
has a unique solution x, € S?([0, T],R").

We remark that due to our notational convention,

B () x0) J(o) = Igﬂw’,w,x,(w’),xt(a)))P(da)’).

2.3. Decoupled mean-field forward-backward SDE with jumps
Given two real- valued functions g, @ which will be satisfied by the following conditions.

(H7) @ : QxR"xR" > RisaFr ® BR") x B(R") measurable random variable.
2:QOx[0,7T] x (R" xR xR x L2(E, lS’(E),:r;IE@))2 — R is a measurable process such that
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g(.,%,7,Z,7,x,,z7r) is a F, adapted for all
(X,7,%,7,x,0,2,7) € (R" xR x R x L2(E, B(E), 7;R))".

(H8) There exists a constant C > 0 such that for all ¥1,x1 € R”, 7,, y1 € R, Z1, %, € RY,

1, 2 € L2(E,B(E), 7, R) :
|(D(%1,x1) - @(fz,XzH < C(|ﬁ—f2| + |X1 —x2|).

lg(X1,7,, 21, T1,x1,y1,21,71) — 8(X2,5,,22,72,X2,2,22,72) |
< C(|XT—X2| +[7, =T, + 21— 22|
+|71 = T2l + |x1 —x2]| + 1 — 2|

Hz1 —z2| + [[r1 =72 ).

Theorem 2.3. Under the assumptions (H5), (H6), (HT7) and (H8) the mean-field FBSDEs
dx; = B'[ft, (x))\x) Jdt + B'[o(t, (x.)",x:) ]dB,

+E’[ | () vne) Jﬁ(de,dt),
~dv = B[ [ o) ()G (e) xoyizarde)n(de) Ja

—2.dB, - j ) r(e)N(de, dr),

(7

Xg = X,

yr =E[o(@n) xr) ],
have a unique adapted solution
(xuyozanr.)) € SA([0,T],R") x S2([0, T],R) x M2([0, T], R?) x F2([0, T],R™).

3. Formulation of the Problem

In this section we study the stochastic maximum principle where the system is described by
Forward-Backward SDEs with jumps of the mean-field type. Our goal is to give a necessary
and sufficient condition for optimality. So we consider the following mean-field control
problem

[ axt = B[R G ) Jde+ B ol (1) oxt,vi) JdB
+E/|:J.E c(t, ) x¥,ve, e) :|]A\’7(de,dt),
J —dy; = ]E/|:J'E gl(t, (xtV)” (y;}),' (Z;V)’, (r}’(e))"xtv,y}’,ztv,r}’(e),v,)ﬂ(de):|dt ()

—2VdB, - j ; r¥(e)N(de, dt),

X = X,
i =E oG xh)].
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The cost functiopal J, to be minimized, is given by
o) =Bl [ B[] 1060060 01wttt rie), vir(de)dr
+B'A((x5) ) + 7 (08) ) - ©)

We define the admissible control set as fellows.
Uw = {v(.) € L%,([0,T],R*);v(t) € U, a.e.t € [O,T],]P)—a.s.},
U be a non-empty convex subset of R¥, where f, o, ¢, g, @, I, h and y are a mapping such
that:
fi[0,T]xR"xR"x U » R", 6 : [0,T] x R" x R" x U - R™,
c:[0,T]xR"xR" x Ux E - R™,
g [0, 7] x (R" x R™ x R™4 x L2(E,B(E),m;R™))? x U - R™, ®(X,x) : R" x R" - R™,
1:00,T] x (R" x R™ x R™ x [2(E,B(E),m;R™))2x U - R, h : R" xR" > R,
y i R"xR™ > R.

The optimal control is to minimize the cost function J(v(.)) over the space U,,;. A control
u € U, is said to be optimal if

Jw) = min Jv).
veU,qy

Throughout this paper, we assume (H) to mean the following conditions:
i) f, o and c are Lipschitz in (X,x,v) and g is Lipschitz in (X,7,Z,7,x, 7,2, 7, V).
i) f, o, ¢, g [, h and y are continuously differentiable in their variables including
(X, 9,2, 7,x,p,2,1,V).
iii) fr, 0%, [ lex(..0)Pn(de), gr, g5, 82, g7 fo 0n, [ Jex(C. o )P n(de), gu gy 821 8
jE|cv(. ,-,-,e)|°n(de) and g, are bounded.

iv) lx, Iy, I, Iy, I, L, I, [, and [, are bounded by
CA+ x|+ 7| +1Z| +|7| + x| + [v| + |z] + |7] + |[v]), the derivatives hx and h, are bounded by
C(1+|x]) and C(1 + |x|) respectively, also the derivatives y5 and y, are bounded by C(1 + [7|)
and C(1+ |y|) respectively. .
V) V(%,x) € (RM?, @(F,x) € L2(Q,Fr), and ®(.,.) is continuously differentiable in
(x,x) and @3, @, are bounded.
vi) Forall ¢ € [0, 7], g(4,0,0,0,0,0,0,0,0) € L%([0, T],R™).

We may deduce here that if the appropriate A conditions are satisfied, then equation
(8) has a unique solution
(), y(),2(),7( ) € SPR") x SPR™) x MZR®™) x F5([0, T],R™).

4. Variational Equations and Variational Inequality

Let u be an optimal control and let (x;,y:, z:,7:(.)) be the corresponding trajectory. Let v be
such that u + v € Ugq. Since U,y is convex, then forany o < 60 < 1,
u? = u,+0v,isalsoin Ug.
Also we denote by (x?,y¢,z¢,r!) the a trajectory corresponding to u°.

Lemma 4.1. Under the above assumptions on the coefficients, we have
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. B 2
lim E| sup |x; — x| J =0,
90 Lo<<r

IimE sup[y,— |J =0,

6-0 0<i<T

lim E_ Tzf—z, Zdt =0,
J,

6-0

lim E—IOTIEW(e) - r[(e)|27r(de)dt:| - 0.

6-0

Proof. Let u be an optimal control and let (x,,y:,z,,7:(.)) be the corresponding trajectory, and
we denote by (x?,y? ,Zt,rt) the a trajectory corresponding to the perturbed control ¢, to get

x{—x; = I;E'[ﬂs, (xs> o, ul) = fls, (x) ', xt, u s)}ds

+j; E'[G(s, <x§>/,x§’,u§’) —G(<x§>,,x§,u§’):|st

+ I; ]E/|:J.Ec<s, (x&)’,x&,u?,e) — c(s, (), X% ug, e) :| N(de, ds),
yi=yi _[ _[ [l x8), 08) ', 29", (0(e))  x0,%, 28, i (e),uf)

—g(S ) s), (s ) (rs(€)) x5, ¥5,25,75(€), us) |m(de)ds
- j 20 — z,]dB, j j Y(e) — ri(e)IN(de, dt) + B[ (), x4) — () xr)

Since (a +b +¢)% < 3(a? +b2 +c¢?), and by the Lipschitz condition on coefficients of our
system, we have

|:S<lig|xq—xs| :|<ST]EU B s, (2), 2, uf)
s, (@) xtus) ]| Pds |
+12F j |E'[os, (x2)',x?, uf)
x¥)' xt,u) ]| %ds |
+12F j j B/ [e(s, (0),x0,ul, €)
(s ) oxt ) 1|7 Jrcderds
< C/E j;|xg€ ~ xs[2ds + 02C;E I;|vs|2ds.

—o(s,

an

With the same arguments, we have:
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T T
E[ sup [ — s |2 J + Ef 20 — z,|%ds + Ej f 1 (e) — rs(e)|*n(de)ds
1<s<T t tE

< CTEUTM’ ~xffds + B [ 2 - z.fds
+ TjE|rf3(e) - rs(e)|27r(de)ds:| +02C,E IT|VS|2dS.
From Gronwall’s lemma we have the desired result.
Let (&(.),n(.),¢(.),0(.,.)) be the solution of
N
dé, =BT ) xnu) (&)
+ 1t ) s xn u)E+ £t () x i ul)vi]dt
+E'[ o, (t, () xru) (&)
o (t,(x0) \xnu)é + ot (x0) X u)vs ):| dB, S
E/HE cx (1, (=) 2y ure) (§-0)'

Cx (t, (=) Xy, e) (=) +cy (t, (=) Xy, e)vt ]]A\?(de, dt),

éo = 0.
/\
~dn =B ([ g:u)@) + gt +gte)n) + g e,

+2:(6,0)(¢0) +g:(t,e)s + gr(t,e)(0i(e)) + g1, €)u(e)

+ gu(t,e)vi]n(de)dt — {,dB(t) — IE Qt(e)]A\?(de, dt),

nr =E[®,(Gr) xr)(€r) +0:((xr) xr)ér ).

(10)

(1)

/
The equations (10) and (11) are called variational equations, and under the (H) assumptions,

the system (10) - (11) has a unique solution

(EC)n(). 60D 0(,.)) & SAR") x SAR™) x MAR™) x F3([0, T],R™).

To simplify notation, we shall assume
i =071 —x)) =&,
¥ =000 —y) -
2? = 971(2? —z) =&
M(e) = 071l (e) —ri(e)) —oule),
in the following convergence results.

Lemma 4.1. Let assumptions (H) hold, then

limsup E[|R?°] =o,
0-00<<r
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limsup E[[9]°] =o,

6-00<<T
im EU 127] dt:| o,
im E|: j j M (e)] ﬂ(de)dt:| o (12)

Proof. First, we have
$ =41 J.t E'[ s, 0 x8,uf) = fls, (), x¥, uy) |ds
+—J. E' [G(S &), x8,ul) — o (s, (x4)' x4, u v):|a’B
+ 5 jo E' |:IE c(s, (x?s)/,xﬁs,ug,e> - c(s, (xﬁs)/,xﬁs,us,e> :|N(de,ds)
_J; E/[fi(s, (-xS)laxjqu)(éS), + f(s, (XS)/’XSvMS)és
+ (s, () x5, us) vy ) ]ds

[ B 065000 x ) (€)' + 0, (60) ks ) EGS)
+ 0,08, (xs) ", X5, 5 Vs ):|st

_ I; E’|:J.E c;(s, (x%)', x%, u?,e) (&) + cx<s, (x?s),,xfs,uf,e>§s

+ ey (s, (ey) ' Xy, t15,€) )vs [N(de, ds). (13)

By applying the Taylor’s development with all the above coefficients, we can rewrite (13) as
follows

j J B[/, (s 68) + 20! + &) xlul ) (Ro(s))' ]dads
+. . EEfx(S (), xt + 20GE + &,),ul) (R0) Jdads
# [ B o () + 400 + £ 10, () Jaaam,
# [ ] B o ) ot + 2060 + £0),u0) ) JaaaB,

+ E'[ci<s, (%) + 200, + &) 10, ul,e) (3Y,)" |dAN(de, ds)

+ -0. j B [ex(s, (%) 3% + A0GY + E-,),ul, €) (R2,) |dAN(de, ds)

+A}0 A20 A?O,
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where

-
AP = [ BTG ) 420G+ &) )

— (fu(s, () x5, us) (&) JdAds

+ IO J:)E'[fx(s, (x4) x4+ A0 + &), uf)

(s, () xg,5) () JdAds

of. ; B[ fu (s @) x4, 4005 ) = fils, (x5) x5, 1) Jvoddds,

2,0 _ Lt / un! A /
A77 = Io JOE [6;<S, (") + 2027 + &) ,xf,u§>
_(O-X-(S’ (xS),’xmus)(és),]d)des

C uy' su 20 0
] [ B Lox(s G xt + 200 + &0),ul)
—ox (s, (2 x + A0RY + &), ul )& |dAdB

I; I: E'[ov(s, (), x¥, A0vs ) — 6,(s, (x5) x5, u5) |vedAdBs,

30 _ (! 1, o . /
A2 = [ LB (e e 4 20000+ €)' )
(e (5, () x5, s, €) (E=) ) dAN(de, ds)
+ I; J.E I: E/[cx (s, (x4) ', x% + A0GE% + E), ug,e>
—ex(5,(x5) Xos, g, )&~ |dAN(de, ds)

+ f; jE j;E’[cv(s, (x",) xt, ABvs, e)
—c(s, (xs) X, s, €) JvdAN(de, ds).

E[ sup IJ??IZJ <
s€[0,£]

B[ [TB[1fC ) + 2062 +£) 3%u) Gu()' | Jards

Therefore,

+CB [ [ B o, (s.)' + 240G + )0, ) G| Jaads
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1

+CE_[; IO E’[ |0 (s, (), x4+ 20(R0 + &,),ul) (RY) |2:|d/lds
1

+CE JO IO E'[ or(s, () xt + 20GE +£,),ul) (39 |* |dAds

weef [, ,%1

+ex (s (%) xt + A0GY + E-5),ul, ) (BY) |2 Jd}m(de)ds

+CE[ sup |A§'9|2:| + CE|: sup |A§'9|2:|

s€[0,¢] s€[0,]

+CE[ sup |43? 2:|.
s€[0,¢]

Then from lemma 4.1 and the uniform Lipschitz continuity of f:(x,x,v) ,fi(x,X,v),
L%y, ox(x,%v), o.(x%v), oux%,v), fEc;(x,i,v,e)n(de), jEcx(x,sc,v,e)n(de) and

jEcv(x,Sc, v, e)r(de) with respect to ¥, x, v, we have

e (5, (1) + 20GY + &) 10y, ul, ) G2)'|°

. 2 . 2 . 2
limE| sup [4+°] | +limE| sup [42°|° | +limE| sup [43°]° | = o.
6-0 | sef0,1] 6-0 | sef0,1] 6-0 | sef0,1]

|

On the other hand, since of all the derivatives of f, ¢ and ¢ are bounded, we obtain
A°

t
E[ sup |)??|2:| <cf |5c§’|2ds+CE<|: sup 2}
5€[0,(] 0 5€[0,£]

+ [ sup |A§’9|2:| + [ sup |A§’0|2J>.

5€[0,£] s€[0,£]

Finally, applying Gronwall’s lemma allows to complete the proof. Hence
\

= L (E’[ [ (g(tuf) - glt,u)m(de) :|dt

- G -2)dB, - [ (1) - rt(e)Nide,dn)

N

- E’UE g:(t,e)(&) + gt e)é + gt e)(my) + gyt e)n: (14)

+ g:(t,e)(§0) + g:(1,0)  + gi(t,e)(i(e)) + g/ (1, €)i(e)
+ g,(t,e)vim(de)]dt — §dB, — JE Q,(e)ﬁ(de, dr),

J
and the use of the Taylor’s development with all the above coefficients, allows for rewriting
(14) as follows
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5o = [ B ][ () + 2060+ 60,09,
(A0 38,4, ) () dn(de)ds
B ] (00 00 + 206400 )
L(r0(e)) x0,39,20,78(e),ul ) (3?) ' dAr (de)ds
FTE g(00). 00 @) + 206+ ¢
L(r9(e)) ' x2,0,20,70(e),ul ) (5,) dAn(de)ds
FTE g (500000 ) () + 20G4() + 0s(e))
x0.90,20,10(e), u®) (s (¢)) dAr (de)ds
[T T (el 6000 ) () s + 20GE +£)
20, u) (A (de)ds
TR (ot 00,00 ) ()
ot G0+ 1,0, 28,0, u ) (A (de)ds
[T (6,006 )
Veizs + G+ C0), @), ul,5)) G dAn(de)ds
[T (0l 6,006 )

Vi Zs, rs(e) + A0 (e) + ps(e)),ul)(#(e))dAn (de)ds
+E .l[CI);<(xT)/ + 206G+ Er) x5 (D) ]dA
Jo

rl
+E' | [@:(Ccr) xr+ 203G+ Er)) ]GG)dA
Y0
TA T . ~
- j 29dB, — j j F(e)N(de, dr)
t t E
+ By + By + By + By + By + BY' + By + B + By + B + BFY,
where By', B5', By, By', By', BS', By, BY', BY', Bi®' and B are given by
B = [ B[ [ (el (), 0002 (@) s + A0GD)
t EYOQ
+&) 828,18 (e), ul) — g.(s,e) (&5 )dAn(de)ds,
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B = [T ] [ [0, 00,6 00

s + 00 +n5),20,7(e), uf)
—g,(s,e)](ns)dAr(de)ds,

By' = I,TE/ J, f:,[gz(s, (), )4 @) (rs(€)) s

Vi Zs + (Zs + §s),ré(e), ul)
—g.(s,e)]|{sdAn(de)ds,

B = [T ][ [ (), 00,60 () s

Vs Zs, Fs(e) + A0(Fs(e) + os(e)),uf)
—g.(s,elos(e)dAn(de)ds,

By = [TE | [ L0000 1) () s
Vs Zs, Is(€),us + A0vs)—g,(t,e)vs) |dAr (de)ds,

B~ | (1, E'[®:((cr)' + 240G+ Er) x%) - @, ((xn),xr) |Er)'dA,

B = B[ [ () oer + 2069 + £0)) — 0 ((en)' xr) ]G

By applying 1t6’s formula to [3¢|?, we have

]E[ sup [)9?|2:| +E|:jf|2?|2ds:| + E[ITJE|?§(6)|2ﬂ(de)dt:|

5€[0,1]
= CEI?I; E' J.E|gx(s, (xs) + A0GE+ &), 09, 0
((e)) x2,y2,20, 0 (e), ul ) R9)' | “dAn(de)ds
Tl / / ) / /
+CB L IOE |5 (s, (x) ', 05) + 2005 + 1), (29)
.(rf(e))”xf,yf,zf,rf(e),u@();g)/|zdlﬂ(de)ds

+CE jTE |, j;|gx(s, () 073) 1 (20) ', (rs(€)) e + AOGY + &)
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0,28 r0(e),ul) RD) P dAm(de)ds
T el ! ! ! ! !

B[ [ B[ a0 00 ) () s
s+ 00 +11),28, r (), ul) 0F) [P dAn (de)ds
OB e 00,00 @) ) o
aizs + G+ ) rie),ul, ) G| dAn(de)ds

T el ! ! / ! !
] B 1 00,0000 @)
aizars(€) + M) + 05(e)), ul) (7 (e)) | dAn (de)ds
+CE|:E’ j:[ | ((er) +10()%‘%+§T)’,x6}>(26})’|2:|dk:|

+C8[ B [ [0 oxr+ 40+ £0)) 6| |

+CEZ,-1_11[ sup |BY 2:|.

5€[0,1]

Since all the derivatives of g are bounded and Lipschitz, then from lemma 4.1 and by
application of Gronwall’s lemma we obtain the last convergence relations. |

Lemma 4.3. Let u be an optimal control and x} be the corresponding optimal trajectory. Then,
forany v € Uy, we have

0 <B[E [h:(r) xr)(En)' ]+ [h(@r) xr) (&) ]]
+B[E [75(00) v5) 10) +7,(68) .6 )n0] ]
+ EITE’U LWOE) + LMD + LOE) + (1) (ede))
0 E
+ L(DE + LN+ L+ L(Doie) + L,(t)vi]r(de)dt. (15)
Proof. Since u is an optimal control, we have
0 < [JCu() +6v(.) )—Ju(.)) ]
- EI;[E'[IE I(t,ul,e) - jE l(t,ut,e):|7r(de):|dt
+B[E'[h(CH) x7) —h(Gr) xr) ] ]+ B[E' [y (08 38) —7((0)30) ] ] (16)

By employing Taylor’s development with all the above coefficients, we can rewrite (16) as
follows
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0= B[ 8 [ [hs(Ger) + 10+ &) x) (€)' 1A |

+E

+E

+E

& j:[hx((xT)/,xT + 6%+ £1) ](ér)d/l]
5 [ [7:(00) + 4068 + n0) ) o) a2 |
5 [ [7:(00)'ov0 + 2078 + 1o)mo Ja2 |

+jT

E’j jlz~(t @) + 2060+ E), 09), @)

(r(e)) ,x{ 30,20, (e),ul ) (&) dAn(de)dt
+j B j () 00 + 200 +1,), 2’
(9(e)) xd,y?0, 20,18 (e),ul ) (n.) dAn (de)dt
" j B[ j (G0 00 @)+ 20E + ¢
() x!, yt z0,7(e),ul ) (1) dAn(de)dt

+ -[0 E' .'E . I; <[ (xt) (y,) (Zt)

+ (rie))’
E/ : | 0<lx(t, (xt) ,(V;) ,(Zz) ,(7"1(@)) VXt +),0(X[ +§Z)

+

20(7# (e) +Qt(e)) x8.9,29 19 (e), u?)(gt(e)) dAn(de)dt

izt ri(e),ul ) (& )dAn (de)dt

B[ [ (0@ 00,6 )

Vet (07 +m0),27,71(e),ul)) (n:)dAn (de)dt

0

. el
E' (@) ) @) (ree)) x

JEJD

Yz G+ E0,r@) D) (§ ) dh(de)d

B e 00 @) )
)+ 20GHE) + oD ) e e)dhr(de)d
BT )00 @) )

YE<O

Yinznride),u; + A0v,, 1)) (v,)dAr(de)dt + 1p(t),

where Iy(t) is given by
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1 / A / A /
I(t) = ]E|:E’ J'O[h;c((xT) +20GG + E7) ,x%) (%) ]d/’L:|
o1
+ B[ B[ Tho(Gen)' v+ 208 + £1) J e |
Jo

+E| B ..l[%?((yo)/ + 20§ + 770),’)’8>098)l ]dl:|

+ B[ B [ [7.(00) Yo+ 205 +170)) (%) Ja2 |

BT Qe+ 206+ )00 6D
(rf (e)) VX1, V1028 (e),u,)( ) d;{ﬂ(de)dt
T / 1 ! ! 0 / 0N/
] B 5 00+ 206 + 00 @)
(r1(€)) ¥zt ri @), ul ) () dm(de)dt
r 1 ! ! ! A !
+j E/j j (6 (), (00) ' )+ A0C0 +¢0)
(r(e)) \xi yt .zl ri(e),uf ) (1) dA (de)dt
+. OE/ J.E' Ol;<t, (X,) ,()/t) ,(Zt)
(r(€)) + 20(FH(e) + 0u(e)) xt. vt 20, ri(e),uf ) (P (e)) dAr(de)dr
B (600G @) o+ 20GE + €
yhztri(e), ul)) G dAn(de)dr
ST [ ae), 00, @) o)

°0 YEYO0

i+ O +1m0),z1,ri(e),ur)) (77 )dAn (de)dt
c T

U ) 0 @ @) o

Jo JEJO
Yzt (] +C ),ri(e),ui))(E])dAn (de)dt
e T

[E | (zr(r,(x,)h(y,)%zt)’,(n(e))ze

Jo JEJO

Yuzurie) + A0 (e) + oi(e)),ul)) (77 (e) )dAn(de)dt.

From the fact that (12) are proved in this lemma, and since all the derivatives of 4, y, [ are

bounded, we have lim I,(¢) = 0, and lim uy(z) = u(¢). Then from the continuity of all the
6-0 6-0
derivative of @, y and /, we obtain the required result. |
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5. Adjoint Equation

In this subsection we introduce the adjoint process, essential for deriving the maximum

principle of optimality. Consider the following adjoint equations
dp =B | [o(t. (), 01) @) (rH@) oxtvt ztri(e) up
L, (6, (), 1), @) (e e)) o xit it 2 i (@) ue) Jm(de)dt
+B' [ [ae ), 01 @) (1)) eyttt () unp
(1, (1), 1), @), (rt (@) xit, b 2 v (e), ) ] (de)dB,
+B' [ [ (0 (), () () (@) 33 240 (). )
1 (1,6t ) @) rt(e) xt 2t r(e), uy ) [N(de, d)
VB [ Lgr(oatontyztrt(@), 1), 1), G, @) s ) )
Ly (et izt rie), ), ) @) (@) ue ) m(de)dt
+E/I L. (ext izt rie), (1), (), (), (1 (@) yu ) (po)|
+B' [ [, (brtytnztrti(e) (), 02 1 () (@) s ) (o )’
(1, x,y 2 (), (24 04 @) () un ) TN(de, di),
po=-EB[r;(8. 085 +7,(08) v8) ],
~dg(t) =E'[f:(t, ") xtu) g+ o (6 (e)  xtu)
+_' e (£, (=) xoyur, ) Ri(e)m(de)
| & (6D 01 @) (@) xtyi i) s )pim(de)

RGO NN NCIONE R RIONDLICE
+fx<t xo () u)(g) + o, (e (e vug ) (k)|
| s (arnynzar(e). (0,00 @) (@) ur) (o) m(de)

] (txynzorde) @) 00 @) (@) ur)n(de)
#f s (06 ko e) (R(e)) m(de) Ja

—k.dB, — jE R.(e)N(de, dt),

\

> 17

J\

> (18)
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gr = E'[h((er) x0) + helxr, (x7)") ]

—(E'To (1) xr) Jpr+[@, (cr 6c)") Jor)").
We define the Hamiltonian function A as follows
H(t,x,9,2,7(.),x,y,z,7(.),p,q,k, R(. ), v) = qf(t,X,x,v) + ko (t,X,x,V)

_IE[pg(z,sc,y,z,?(.),x,y,z,r(,),v)

+ R(e)c(t,x,x,v,e) + I(t,X,V,Z,F,x,y,z,7, v)]n(de),
to state the main result of this paper.

Theorem 5.1. ( Stochastic maximum principle ) Assume that (H) holds. Let u be an optimal
control and (x(.),y(.),z(.),r(.,.)) be the corresponding optimal trajectory. Then we have

B j 'TH(6)v(1)]dt > 0. (19)

Proof. By applying 1t6’s formula to &,q, and n,p,, and by taking the expectation, we obtain

E[(&rqr)] = BLE[E'[h(Ger) xr) +he(xr, (x1)") ]
+(-E'[0, (&) xr) Jpr+[®, (er(x0)) o)) ]

- B[ EEd(q) +gid(&) + dE)d,)]

- E[Z—@E'[fx(t, @) xu ) g+ 0 (6 () xt u )y

| e (a6 01 G () sty () u )
| LG 00 @) i) () )

[ etttz @)

H Gtz (@, () 01,61 01 ) [tded

r / !
B[ B[00 )&
+ ot G xeud)E+ ot () X ug)ve ) Jdt

+E IZE’[( ox(t, () xnu) (&)’

+0x(t, (6) X un)E + 00t (60) X ul)ve ) Jk(E)dt
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+E IZE/[IE C)?(f, (x—t),,x—t, Uy, e) (5—1)/ +
Cx (t, (x_)' % s, s, e)f_t +cy (t, (x_0) X s us, e)v[ ]n(de)dt,

T T T
Elnipr] = Elopo] + B | mdp: + B[ pidn+B | dpin,

= E[-noB'[75(0:8)".»5) +7,(08) v5) ]
+B IZmE’UE AACHNCANCINGION

Xy 2 ri(e),udpe— L (660 0) ', @) (rie))
Xtz i (e),u) Im(de)dt

E| Z nB| [ g (ot ot 2t rt(, ), 010, 1), (@) ) ()
L (xiopt 2t ri(e), ) o), @) (i (e)) ) Tr(de)dr
+IE Jj_pt[E/[(IE gi(t,e)(&) + gt e)é + g5t e)m) + gyt e)n,

+g:(60)C) + 6.+ gH(1,)(2(0) + g (t,)oi(e)
+gv(t,e)v:) J(de)dt

vB [ e[ (e o0 6. 1)

Yzt ri(e), u)(p) — L6 ), o) @), (rie)
Xyl 2t ri(e),up) | (de)dt

+EJZ@E'UEg_;(t,X?,y?,Z?’,r?’(e), ()’
1) @) (@) ) (o) = Lt xt, i 2t ri e),
@, @) (re))  ur) Jr(de)dt

r / / / / /
B[ 0B [ e (n (), 01) 1) 04e)),
Xzt i e),un))pe = L3 6, o), @)
ri(e) xt vtz ri(e),u, ) Jm(de)dt
+B Jzez(e)E’UEg;(z, @), ), @), (rt(e)), (x1)

0@ @) ud @) = (e (68, k), @),
(@), 1), ") (24, (i(e)) v ur ) Jm(de)dt.
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Replacement of the above expectations with the variational inequality (15) implies that
Ej '[H,(t)v,]dt > 0. m

Theorem 5.2. (Necessary conditions for the optimality of the control) Let (H) holds and H is
convex with respect to v. Then, the following infinitum is necessary condition for optimality of
the controlu € U,y :

E/[H<ta (X[)/, (yt)/’ (Zt)/’ (r,(e))/ 1xt’ytazl1rl(e)’pliql’thl(e)’ul)]
= inf E,[HO, @) 00 @) (@) xu vz rde).pu gi ki Ri(e), )], (20)

veU

dtdp —a.e on [0,T] x Q, where (x",y",z%,r"(e)) denotes the corresponding optimal trajectory
of the control u and (p:,q:, ki, R:(e)) is the solution to mean-field FBSDE (17) and (18).

Proof. For any v € U, we have
E' [H<f ), (J/z)/ (Zt)/ (7” (@), x,,y,,z,,r,(e) PiquknRi(e),v)]
B [H( @, 0N @) 0@ xnynzorde),pu gk, Ri(e), ur)]

SR AN NI IO

X Vi zutide),poquka Ri(e),us + A(v —u,))(v—u,)ldA
SR LI AN ONEIREION

X Yo Zotide),poqo ko Ri(e),u + A(v —uy))

-H,(t, (), ), (@), (ri(e))’

X Yo zZontde),po gk Ri(e),u) ] (v —u,)dA

R GEIRCIREINCION
X Yo zZotide),poqi ko Ri(e),u)](v —u,)dA.

Since H is convex with respect to v and by (19)
E,[HO, @ o, @ @) xuynzorde),po gk Ri(e),v)]
“BTH( ), 01 @), (7€) s xuynzorie).pu gk Ri(e),ur)]
>0dtdp —a.e.on[0,T] x Q.
Then we have the desired result. |

6. Sufficient Conditions for Optimality of the Control

Theorem 6.1. Let (H) holds and suppose that the control u satlsf ies (20) and
(x",y",z%,r"(e)) denotes the corresponding trajectory with yr = E[Lr(xr) +Mr(xr):| Lr,
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Mr € R™". Let (p1,q:, ki, Ri(e)) be the solution to mean-field FBSDE (17) and (18), assume
that H, h and y are convex with respect to (x,9,z,7(.),x,y,z,r(.),v), (X,x) and
(0, y) respectively. Then u is an optimal control of the problem (8) and (9).

Proof. Let us suppose that the control process u satisfies the condition (20), then for any
control v € U,q, We have

T
Jv) —Jw) = ]E|: j B jE(l(t, Vv(t)) = I(t,u(t)))m(de)dt

+E [ (D) x (1) — k(D)) ,x*(T)) ]
+E'Ty(0°00)3*0) - y((*(0),»“0)) ] ] (21)

Since 4 is convex with respect to (x,x), then
h((ep),xt) = h(Geg) x4 = b () x4 ) (e — x4’

+ B () ) (= x4). (22)
Now as y is convex with respect to (¥, y), then

y(O0) w5) —r(08) ' v8) = v (08 v s -8

+7,(08) \78) 08— v6). (23)
By including (22) and (23) in (21), we obtain

J) = Jw) = BB [he (e, )" + he (04),x4) J(ef — x4)
+EB [ (06, 08)") + 7, (08) . 58) 10 - %)
4 j T]E’I (l(t,v,)—l(t,ut)):|7r(de)dt. (24)
0 E

Application of 1t6’s formula to ¢,(x; —x}) and p,(y; — y¢) and then taking the expectation
leads to

E[E'[h: (e )" ) + he () x4 ] ] — )

= Elgr](xy —x%) + B'[ Lipr + Mr(pr)" | (5 — x4)

= EJZE'[ﬂ(r, (x?)/,x}‘,ut>q, + Gx<t, (x?)’,xﬁ‘,u,)kt

+..E Cx <t, () xus, e)Rt(e)n(de)

—.' g (6 (D o) @) (rie))  xi pt 2t rie) us )pim(de)
+. l<f @) 01 @) (rie))  xt bzt ri e), ut>7r(de)
+fx<t xo () u ) (g) + o, (e () vug ) (k)|

+..E l;(t,xt,yt,z,,rt(e),(xt) L)' (20, (ri(e)) ,”t>7f(d€)
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# et ) ko ) (Ri(©)) 7(de) ](x,v _—
+q B AL () xt v = () xt ) |
+ k,E/[G(I, (x,v)l,x;’,v,) —o(t, (x?‘)/,x?,u,)]
+J Rt(e)E'[c(t, (xtv)/,xt”,vt,e) —c(t, (x¥) x4, uy, e) ]n(de)dt
E
+E,|:LTpT+MT(pT)I:|(X17}~—fo
and

E[ETys(8,08)") + 7, (00 v8) J05—»8) ]

= —E[po(ro —0)]

= —E[EIELTPT+MT(pT)/:|(X‘}—x%)]

+Ej§[(yr —VOR' [ &6 ) 01 @) (i (e)) xi pt 2t rie), un)p
—Ly(t, (1), 1), @) (i (e)) o xi i 2t e (e) ) ]

<8 [ [gr (ot ot ztort(e), ), 01, @), (@) ) (o)

Ly (ot 2t ri(e), (), ), @), (rie))  ui ) J(de)dt

PE [ (gt,v) - glt,u)m(de)dr

+(el=2)| B [ [ ), 08 @) (@) sttt (@) up
(6, (), 0 @) () xt i 2t (e) ur) ]

+B' [ [ (xtyt (@), e (0) . 07(0) 2 (0) () ) ()
1= (txt yt 2 i), (2 (0) |, 0(0) |, (240) (i) ur) ] Jm(de)dt
+ol(©) = @) B[ Lo (nGt), 01, @, (1)) xtovt 2t (@), Y
(6, 00 @) rie) xt oyt 2t i (e)un) |

+B' [ [, (natoytztari(e). (), 01, @) (@) ) (o)

L (tx" 2 rt(e), () ) 2% re))  ur ) ] Jm(de)dt

Cosideration of the two above expectations in (24) yields
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J0) - J6) =B BLHEE, 006 0H@)

XoYuZnr(e),puqu ks Ri(e),v)

—H(, (), 0, @) (rie))

X0V, Z6,7(€) Pus Gus ke, Ri(e), u) It
B [ B[ H: (60,01, 6 (1)
Vi€ ok Ri(e),un) (et - xt) T
B [ B0, 01 6 @)
vz r€)upis ik Ri()u) 0 = vi) T
& [ B[ 6801 G )
X0 Y020 71(€)pr o ke Ri(e)un) (2 — 2)' dt
5 [ B8 01), G e
X0 Y020 7€), ok Ri(e) u) (i (e) = ri(e)) ]dt
5 [ B [H 60,006 01e)
V00 €)pon i ki Ri(e),ur) (xf = xt) e
A A RO REINGION
XoYuzorie),puquk, Rie),u) (vl = yi')]d
& [ B[H.( 6801, 6@ 0
Vi€ po ik Ri(e)un) Gt = 2)de
& [ B [H( 6801 6 )

X0,V Zuri(€),pnqnks, Ri(e),u)(ri(e) —ri(e))]dt.

~ ~ o~

Moreover, by convexity of H with respect to (x,7,z,7(. ),x,,z,7(.),v), we have
H(, (), 1), @) (@) X0y 20 i(e), piy gk, Ri(e), v)
~H(, (), 00 @) (@) xuynziride)pn gk Ri(e), ur)
> Hz (4, (1), 1) 21)', (rie)) s xe, v ze,ri(€), pi gk, Ri(e), ) (x} = xt)'
"‘Hi(t' @ oL@ e@) v xnynzarie),po qokn Ri(e), u)F — v
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+H2<f, @), 01 @) (@) xaynznrie),po g ki Ri(e),u) @ — 21
+Hr (1, (1), 1), @), (@) 20y e,z 71(€), pir g ke Ri(e), ) (7 (e) — v (e))
+Hx<t’ @), 01 @) @) xu vz ride),pi gi ki Ri(e),ug) (x} = xt)
"‘Hy(t' (x?)',(y;‘)’,(z;’)’, (r?(e))’,xt,yt,zz,rz(e),pz,q;,k,,Rt(e),ut)(ﬂ —yi)
+Hz<f, @), 0@ (@) xaynzoride),po g ki Rie),u) @ - z1)
+H, (1, () 0F) ' @) (@) xe vz i) pu g ki Ri(€),un) (i (e) — ri(e))

+Hv<t’ (xltd)/’ (y?)’, (Z?)l! (r?(e))/!xl’ytizhrt(e)’pt!qt’klth(e)!ut)(Vt - ut)' (25)
This leads to

J0) -Jw) = B[ B 00 6 01e)

,xt,ynzz‘,”'t(e),pt,q“kt,Rz(e);ut)(Vt - Ut)]dt

Now since E'[ H(#, ), 1), )", (¥t (e)) \x0,y1, 20, 7i(€), iy gu ki, Rie) ) | is convex,
and by convex optimization, we obtain

E,[Hv<t’ (XT;)/, (y?)l! (Z?)/’ (rltd(e))l ’xhytlzl’rt(e)!pt’qt!kl’Rt(e)’ut)(vt - ut)]
>0, dtdp —a.e.on [0,T] x Q.

Hence we may deduce that
Jw)—-Ju) =0,
for all v(.) € U, , and this demonstrates that «(. ) is optimal. |

7. Application: A Linear-Quadratic Control Problem

For the sake of simplicity, we restrict ourselves in this application to the one dimensional
case, i.e. n =d = m = k = 1. Then the coefficients of equations are linear with respect to all
of the variables according to

ft,x,x,v) = AX + Ax + A1v

o(t,%,x,v) = B%+ Bx+ B1v

c(t,%,x,v,e) = Cle)x+ C(e)x + Ci(e)v
g(t,X,9,Z,x,y,z,v) = &)?+1~97+57+ax+by+cz+a1v

d(x) = Nx
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I(t,X,9,Z,x,0,2,,v) = %(sz + Dy? + Hz? + Mv?)

h(x) = %sz

r» =507,
where 4, B, a4, b, ¢, A, B, a, b, ¢, A1, B1, a1 are constant and C(e),C(e) and Ci(e) are
functions in L2(E, B(E), r;R)). Then the Forward Backward SDE writes as follows :

dx} = (AE[x,] + Ax, + A1v,)dt + (BE[x,] + Bx, + B1v,)dB,

+ j (C(e)BLx, ]+ Cle)xi- + Cie)v,) N(de, dr)
E
—dy}) = <GNE[X:;] + BED/;] + Z’E[Z;] + ax; + byt +cz; + al\)[)dt

—2VdB, - jE r(e)N(de, dt),

v

X9 = X0,
¥y = Nar, (26)
v, € U, and the cost functional is a quadratic, as
T
Jv) = j + (RE[x?] + DE[y?] + HE[z?] + ME[v?])dt
0

+ LOB[x}] + $LE[3), 27)

where R >0, D>0, M >0, OQ>0, H, L >0 are constants. Let » be an optimal admissible

control and (x¥,y¥,z%,r¢) be the corresponding optimal trajectory. The adjoint equations are
defined by

dp, = (bE[p/] +bp, — Dy, )dt + ZE[p,] + cp, — Hp:)dB,

(28)
po = —Lyo,
-
—dg, = |:Aq[ + Bk + [ | Cle)R(,e)n(de) = ap: + R,
+ AB[q.] + BE[k] + jE C(e)E[R(t, ¢)]x(de) — aB[p,] :|dt > 29)

— k(£)dB, - j _RG, e)N(de, dt).

qgr = Oxr— Npr,
and the Hamiltonian function is defined by
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H(ta-%’_);12!lxiyiz1piq1klR(')lV)
= gf(t,x,x,v) + ko(t,x,x,v) — pg(t,X,9,Z,x,y,2,V)

Hltxyz) + [ R@e(tFx, v, e)n(de), (30)

From the necessary condition of optimality we have
w = & (~Asg - Biki v ap - | CLOR@n(e) ) (31)
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