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Abstract. We prove a necessary and sufficient condition for optimal control of a controlled
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1. Introduction

We study a stochastic control problem in which the controlled state process is driven by
both a Brownian motion and a compensated Poisson random measure where the state process
is governed by a forward-backward stochastic differential equation with jumps of the
mean-field type, which is called a Mckean-Vlasov type equation, in the sense that the
coefficients of the FBSDE with jumps are allowed to depend on the state of the process as well
as on its expected value. More precisely, the controlled FBSDE is defined as

dxt  E′ ft, xt ′,xt,vt dt  E′  t, xt ′,xt,vt dBt

 E′ 
E
c t, x−t ′,x−t,vt,e Nde,dt,

−dyt  E′ 
E
gt, xt ′, yt ′, zt ′, rte ′,xt,yt, zt, rte,vtde dt
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− ztdBt − 
E
rteNde,dt,

x0  x,

yT  E′  xT ′,xT , 1

for some functions f, , c, g, , Brownian motion B and a compensated Poisson random
measure Ñ. The control vt is allowed to take values in some control state space U and in a cost
functional
Jv.   E 

0

T
E′ 

E
l t, xtv ′, ytv ′, ztv ′, rtve ′, xtv,ytv, ztv, rtve,vt de dt

 E′ hxTv  ′,xTv    y0
v  ′,y0

v . 2
The state equation (1) and the cost functional (2) have other forms such as:

dxt  

ft,xt′,xt,vt′, Pd′dt  


t,xt′,xt,vt′, Pd′dBt




E
ct,x−t′,x−t,vt′, ,ePd′Nde,dt,

−dyt  


E
gt,xt′,yt′, zt′, rt′,e,xt,yt, zt, rte,vt′, Pd′dedt

−ztdBt − 
E
rteNde,dt,

x0  x,

yT  

xT′,xTPd′,

3

and
Jv.   E 

0

T 


E
lt,xtv′,ytv′, ztv′, rtv′,e, xtv,ytv, ztv, rtve,vt Pd′dedt

 

hxTv ′,xTv   y0

v′,y0
v Pd′ . 4

The mean-field models were initially suggested to study the aggregate behavior of a large
number of mutually interacting particles in diverse areas of statistical mechanics (e.g., in the
derivation of Boltzmann or Vlasov equation in the kinetic gas theory), quantum mechanics and
quantum chemistry ( e.g., the density functional models or also Hartree and Hartree-Fock type
models), economics, finance and game theory. For N players of stochastic differential games
and the related problem of the existence of Nash equilibrium points, one can let n tend to
infinity to derive, in a periodic setting, the mean filed limit equation. In Buckdahn et al. [4], the
authors studied the mean field backward stochastic differential equation by using a purely
stochastic approach. Recently Carmona et al. [6, 7, 8] proved an existence result for the
solution of a fully coupled forward-backward stochastic differential equation of the mean-field
model by applying the Wasserstein’s distance. In that case the law of the solution is present in
the drift and volatility. The stochastic maximum principle for controlled systems has been
investigated by many authors. To list some of them, we mention Kushner [12], Bismut [2, 3],
Haussmann [10, 11],Peng [16], Situ [19], Øksendal and Sulem [15], Elliot [9], Tang and Li
[20], and Shi and Wu [18]. The stochastic maximum principle (SMP) in the mean-field model
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was obtained by Buckdahn et al. [5], Anderson and Djehiche [1], Meyer-Brandis et al. [14],
and Li [13]. The first version of the SMP for the mean-field model with jumps was proved by
Shen and Siu in [17] with an application to the mean variance problem. Our contribution to this
subject is to extend the result of Juan Li in forward backward stochastic control with jumps in
the mean-field type controls, to prove the maximum principle in the case where the system is a
decoupled controlled forward-backward stochastic differential equation governed by Brownian
motion and Poisson random measure. Assuming that the state variable control is convex, we
use a convex classical perturbation; and since the domain control is convex, we use only one
adjoint process. This will lead to a necessary condition for optimality; and with some
additional convexity conditions we prove the sufficient conditions.

Our paper is organized as follows. In the second section, we will explain the problem and
give its necessary preliminaries and notations and provide some results about the mean-field
FBSDEs. Section 3 contains a formulation of the SMP. The associated variational equations
and variational inequality are presented in section 4, while section 5 is devoted to the
pertaining adjoint equation. Section 6 reports on the necessary and sufficient conditions for
optimality, which are our main result. An illustrative application in finally provided in section
7.

2. Preliminaries and Notation

Let ,F,Ft,P be a complete probability space where Ft : t ≥ 0 is a filtration
satisfying the usual conditions, Ftt≥0 is generated by the following two mutually
independent stochastic processes:
i a d-dimensional standard Brownian motion Btt≥0.
ii a Poisson random measure N on R  E, where E  Rl − 0 is equipped with its Borel
field BE. The compensator of N is N̂dt,de  dtde which makes
N0, t  A  N − N̂ 0, t  A

t≥0
a martingale. For all A ∈ BE satisfying

A  . Here  is an arbitrarily given  −finite Lévy measure on E,BE, i.e a measure
on E,BE with the property that 

E
1 ∧ |e|2de  . We set T to be an arbitrarily

prescribed positive number and we call 0,T the time duration. We assume
Ft   

0,sA
Nds,dz : s ≤ t,A ∈ BE ∨ Bs : s ≤ t ∨ N,

where N denotes the totality of P −null sets. We also introduce the following spaces of

processes which are used in what follows. Let S20,T,R denote the set of real valued and
Ft −adapted càdlàg process t

t∈0,T
which satisfy E supt∈0,T|t|2   .Then

M20,T,Rn denote the set of n −dimensional, Ft −progressively measurable process
t

t∈0,T
, such that ‖‖2

2  E 
0

T
|t|2dt   .We also denote by Fp20,T,Rm, the

set of function m −dimensional f. , t,e , define in   0,T  E, and P ⊗ BE −measurable
mapping such that : ‖f‖2  E 

0

T 
E
|ft,e|2dedt  .

Let us now consider a function g :   0,T  R  Rd  L2E,BE,;R → R with the
property that gt,y, z, rt∈0,T is P measurable for each y, z, r in R  Rd  L2E,BE,;R,
and we also make the following assumption on g.
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H1 : There exists a constant C  0 such that for all t ∈ 0,T y1, y2 ∈ R, z1, z2 ∈ Rd, r1,
r2 ∈ L2E,BE,;R,
|gy1, z1, r1 − gy2, z2, r2| ≤ C|y1 − y2 |  |z1 − z2 |  ‖r1 − r2‖, a. s.

H2 : g. , 0, 0,0 ∈ M20,T,R.
The following results on BSDE with jumps is by now well known, for its proof, see

Lemma 2.4 in Tang and Li [20].

Lemma 2.1. Under assumptions H1 and H2, for any random variable  ∈ L2,FT,P,
the BSDE with jumps
yt   

t

T
gt,ys, zs, rsds − 

t

T
zsdBs− 

t

T 
E
rseNde,ds, 0 ≤ t ≤ T,

has a unique adapted solution yt, zt, rt ∈ S20,T,R  M20,T,Rd  Fp20,T,R.

2. 1. Mean-Field BSDEs with jumps

Let ̄, F̄, P̄    ,F ⊗ F,P ⊗ P be a non completed product of ,F,P with
itself. We endow this product space with the filtration F̄ t  Ft ⊗ Ft. Any random variable
 ∈ L0,Ft,P;Rn originally defined on  is extended canonically
to ̄ :  ′′,  ′, ′, ∈ ̄. For any  ∈ L1̄, F̄, P̄ the variable
. , → R belongs to L1,F,P, Pd − a. s. We denote its expectation by
E′. ,  


′,Pd′.

We note that E′  E′. , ∈ L1,F,P, and
E  

̄
dP̄  


E′. ,Pd  EE′.

For all y ,z ,r ,y, z, r ∈ R  Rd  L2E,BE,;R2,
g : ̄  0,T  R  Rd  L2E,BE,;R2 → R is a measurable process such that
g. ,y ,z ,r ,y, z, r is a F̄ t adapted for all y ,z ,r ,y, z, r, and which satisfies the following
assumptions.

H3 There exists a constant C  0 such that P̄ − a. s, ∀t ∈ 0,T,
y 1,

z 1,r 1,y1, z1, r1, y 2,
z 2,r 2,y2, z2, r2 ∈ R  Rd  L2E,BE,;R2.

|gy 1,
z 1,r 1,y1, z1, r1 − gy 2,

z 2,r 2,y2, z2, r2| ≤ C|y 1 −
y 2 |  |z 1 − z 2 |

 ‖r 1 −
r 2‖  |y1 − y2 |  |z1 − z2 |  ‖r1 − r2

H4 g. , 0, 0,0,0,0,0 ∈ M20,T,R.
We now recall a result of Shen and Siu [17].

Lemma 2.1. Under the assumption H3 and H4, for any random variable
 ∈ L2,FT,P, the mean-field BSDEs with jumps
yt    

t

T
E ′gt,ys′ , zs′ ,ys, zsds − 

t

T
zsdBs − 

t

T 
E
rseNde,ds 5

has a unique adapted solution yt, zt, rt.  ∈ S20,T,R  M20,T,Rd  Fp20,T,R.
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Remark 2.1. We emphasize that, due to our notations, the driving coefficient of 5 has to be
interpreted as follows
E′gs,ys′ , zs′ , rs′ ,ys, zs, rs  E′gs,ys′ , zs′ , rs′ ,ys, zs, rs

 

g′,, s,ys′, zs′, rs′,ys, zs, rsPd′.

2. 2. McKean-Vlasov SDEs with jumps

We also introduce the McKean-Vlasov type SDEs with jumps [17]. Let f : ̄  0,T  Rn
Rn → Rn,  : ̄  0,T  Rn  Rn → Rnd and c : 0,T  Rn  Rn  E → Rn be
measurable functions which are supposed to be satisfied by the following conditions.

H5 : f. , x̃,x, . , x̃,x and c. , x̃,x,e are F̄- progressively measurable continuous
processes, for all x̃, x ∈ Rn, and there exists some constant C  0 such that:
|ft, x̃,x|2  |t, x̃,x|2  

E
|ct, x̃,x,e|2de ≤ C1  |x̃|2  |x|2,

a. s, for all 0 ≤ t ≤ T, x̃,x ∈ Rn.

H6 : There exists some constant C  0 such that a. s, for all 0 ≤ t ≤ T, x̃, x ∈ Rn :

|ft, x̃1,x1 − ft, x̃2,x2|2 ≤ C|x̃1 − x̃2 |2  |x1 − x2 |2,

|t, x̃1,x1 − t, x̃2,x2|2 ≤ C|x̃1 − x̃2 |2  |x1 − x2 |2,


E
|ct, x̃1,x1,e − ct, x̃2,x2,e|2de ≤ C|x̃1 − x̃2 |2  |x1 − x2 |2.

Theorem 2.2. Under assumptions H5 and H6, the mean-field SDE
dxt  E′ f t, xt ′,xt dt  E′ t, xt ′,xt dBt

E′ 
E
c t, x−t ′,x−t,e Nde,dt,

x0  x,

6

has a unique solution xt ∈ S20,T,Rn.

We remark that due to our notational convention,
E′ ft, xt ′,xt   


f′,,xt′,xtPd′.

2. 3. Decoupled mean-field forward-backward SDE with jumps

Given two real- valued functions g,  which will be satisfied by the following conditions.

H7  : ̄  Rn  Rn → R is a F̄T ⊗ BRn  BRn measurable random variable.
g : ̄  0,T  Rn  R  Rd  L2E,BE,;R2 → R is a measurable process such that
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g. ,x ,y ,z ,r ,x,y, z, r is a F̄ t adapted for all
x ,y ,z ,r ,x,y, z, r ∈ Rn  R  Rd  L2E,BE,;R2.

H8 There exists a constant C  0 such that for all x 1,x1 ∈ Rn, y 1, y1 ∈ R, z 1, z 2 ∈ Rd,r 1, r2 ∈ L2E,BE,;R :
|x 1,x1 − x 2,x2| ≤ C x1 − x 2  |x1 − x2 |.

|gx 1,y 1,
z 1,r 1,x1,y1, z1, r1 − gx 2,y 2,

z 2,r 2,x2,y2, z2, r2|
≤ C x1 − x 2  |y 1 −

y 2 |  |z 1 − z 2 |

‖r 1 −
r 2‖  |x1 − x2 |  |y1 − y2 |

|z1 − z2 |  ‖r1 − r2‖.

Theorem 2.3. Under the assumptions H5, H6, H7 and H8 the mean-field FBSDEs
dxt  E′ ft, xt ′,xt dt  E′ t, xt ′,xt dBt

E′ 
E
c t, x−t ′,x−t,e Nde,dt,

−dyt  E′ 
E
gt, xt ′, yt ′, zt ′, rte ′,xt,yt, zt, rtede dt

−ztdBt − 
E
rteNde,dt,

x0  x,
yT  E′  xT ′,xT ,

7

have a unique adapted solution
xt,yt, zt, rt.  ∈ S20,T,Rn  S20,T,R M20,T,Rd  Fp20,T,Rm.

3. Formulation of the Problem

In this section we study the stochastic maximum principle where the system is described by
Forward-Backward SDEs with jumps of the mean-field type. Our goal is to give a necessary
and sufficient condition for optimality. So we consider the following mean-field control
problem

dxtv  E′ ft, xtv ′,xtv,vt dt  E′ t, xtv ′,xtv,vt dBt

E′ 
E
c t, x−tv  ′,x−tv ,vt,e Nde,dt,

−dytv  E′ 
E
gt, xtv ′, ytv ′, ztv ′, rtve ′,xtv,ytv, ztv, rtve,vtde dt

−ztvdBt − 
E
rtveNde,dt,

x0
v  x,
yTv  E′  xTv  ′,xTv .

8
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The cost functional J, to be minimized, is given by
Jv.   E 

0

T
E′ 

E
l t, xtv ′, ytv ′, ztv ′, rtve ′, xtv,ytv, ztv, rtve,vtdedt

E′hxTv  ′,xTv    y0
v  ′,y0

v . 9
We define the admissible control set as fellows.
Uad  v.  ∈ LF,p

2 0,T,Rk;vt ∈ U, a.e. t ∈ 0,T,P −a. s. ,
U be a non-empty convex subset of Rk, where f, , c, g, , l, h and  are a mapping such
that:
f : 0,T  Rn  Rn  U → Rn,  : 0,T  Rn  Rn  U → Rnd,
c : 0,T  Rn  Rn  U  E → Rnk,
g : 0,T  Rn  Rm  Rmd  L2E,BE,;Rm2  U → Rm, x ,x : Rn  Rn → Rm,
l : 0,T  Rn  Rm  Rmd  L2E,BE,;Rm2  U → R, h : Rn  Rn → R,
 : Rm  Rm → R.

The optimal control is to minimize the cost function Jv.  over the space Uad. A control
u ∈ Uad is said to be optimal if

Ju 
v∈Uad
min Jv.

Throughout this paper, we assume H to mean the following conditions:
i) f,  and c are Lipschitz in x̃,x,v and g is Lipschitz in x ,y ,z ,r ,x,y, z, r,v.
ii) f, , c, g, l, h and  are continuously differentiable in their variables including
x ,y ,z ,r ,x,y, z, r,v.
iii) fx , x , E |c

x. , . , . ,e|2de, gx , gy , gz , gr , fx, x, E |cx. , . , . ,e|
2de, gx, gy, gz, gr,


E
|cv. , . , . ,e|2de and gv are bounded.

iv) lx , ly , lz , lr , lx, ly, lz, lr and lv are bounded by
C1  |x |  |y |  |z |  |r |  |x|  |y|  |z|  |r|  |v|, the derivatives hx and hx are bounded by
C1  |x | and C1  |x| respectively, also the derivatives y and y are bounded by C1  |y |
and C1  |y| respectively.
v) ∀x ,x ∈ n2, x ,x ∈ L2̄, F̄T, and . , .  is continuously differentiable in
x ,x and x , x are bounded.
vi) For all t ∈ 0,T, gt, 0, 0,0,0,0,0,0,0 ∈ LF2 0,T,m.

We may deduce here that if the appropriate H conditions are satisfied, then equation
(8) has a unique solution
x. ,y. , z. , r, . ,  ∈ S2n  S2m M2dm  FP2 0,T,m.

4. Variational Equations and Variational Inequality

Let u be an optimal control and let xt,yt, zt, rt.  be the corresponding trajectory. Let v be
such that u  v ∈ Uad. Since Uad is convex, then for any 0 ≤  ≤ 1,
ut ≡ ut  vt is also in Uad.
Also we denote by xt,yt , zt , rt the a trajectory corresponding to u  .

Lemma 4.1. Under the above assumptions on the coefficients, we have
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→0
lim E sup

0≤t≤T
xt
 − xt

2  0,

→0
lim E sup

0≤t≤T
|yt − yt |2  0,

→0
lim E 

0

T
zt
 − zt

2dt  0,

→0
lim E 

0

T 
E
|rte − rte|2dedt  0.

Proof. Let u be an optimal control and let xt,yt, zt, rt.  be the corresponding trajectory, and
we denote by xt,yt , zt , rt the a trajectory corresponding to the perturbed control u  , to get
xt − xt  

0

t
E′ fs, xs

′,xs ,us − fs, xsu ′,xsu,us ds

 
0

t
E′ s, xs

′,xs ,us −  xs
′,xs ,us dBs

 
0

t
E′ 

E
c s, xs−  ′,xs− ,us ,e − c s, xs−u  ′, xs−u ,us, e Nde,ds,

yt − yt  
t

T
E′ 

E
gs, xs  ′, ys  ′, zs  ′, rse ′,xs,ys, zs, rse,us

− gs, xs ′, ys ′, zs ′, rse ′,xs,ys, zs, rse,us deds

− 
t

T
zs − zs dBs − 

t

T 
E
rse − rseNde,dt  E′  xT 

′,xT −  xT ′,xT .
Since a  b  c2 ≤ 3a2  b2  c2, and by the Lipschitz condition on coefficients of our
system, we have

E sup
0≤s≤t

|xs − xs |2 ≤ 3TE 
0

t
E′ fs, xs ′,xs,us

−fs, xsu ′,xsu,us
2ds

 12E 
0

t
E′ s, xs ′,xs,us

−s, xsu ′,xsu,us
2ds

 12E 
0

t 
E
E′ c s, xs ′,xs,us,e

−c s, xsu ′,xsu,us,e
2 deds

≤ CTE 
0

t
|xs − xs |2ds  2CTE 

0

t
|vs |2ds.

With the same arguments, we have:
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E
t≤s≤T
sup |ys − ys |2  E 

t

T
|zs − zs |2ds  E 

t

T 
E
|rse − rse|2deds

≤ CTE 
t

T
|xs − xs |2ds  E 

t

T
|zs − zs |2ds

 
t

T 
E
|rse − rse|2deds  2CTE 

t

T
|vs |2ds.

From Gronwall’s lemma we have the desired result. 

Let . ,. ,. ,. , .  be the solution of

d t  E′f x̃t, xt ′,xt,ut t ′

 fxt, xt ′,xt,ut t  fvt, xt ′,xt,utvtdt
 E′  x̃ t, xt ′,xt,ut  t ′

xt, xt ′,xt,ut t  vt, xt ′,xt,utvt  dBt

E′ 
E
cx̃ t, x−t ′,x−t,ut,e −t ′

cx t, x−t ′,x−t,ut,e −t  cv t, x−t ′,x−t,ut,e vt Nde,dt,

0  0.

10

−dt  E′ 
E
gx̃t,e t ′  gxt,e t  gỹt,et ′  gyt,et

 gz̃t,et ′  gzt,et  gr̃t,ete ′  grt,ete

 gvt,evt dedt − tdBt − 
E
teNde,dt,

T  E′  x̃ xT ′,xT T ′  x xT ′,xT T .

11

The equations 10 and 11 are called variational equations, and under the H assumptions,
the system 10 - 11 has a unique solution
. ,. ,. ,. , .  ∈ S2n  S2m M2md  FP2 0,T,m.

To simplify notation, we shall assume
x̂t  −1xt − xt −  t,
ŷ t  −1yt − yt − t,
ẑt  −1zt − zt − t,
r̂te  −1rte − rte − te,
in the following convergence results.

Lemma 4.1. Let assumptions (H) hold, then

→0
lim

0≤t≤T
sup E |x̂t |2  0,
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→0
lim

0≤t≤T
sup E |ŷ t |2  0,

→0
lim E 

0

T
|ẑt |2dt  0,

→0
lim E 

0

T 
E
|r̂te|2dedt  0. 12

Proof. First, we have

x̂t  1
 0

t
E′ fs, xs ′,xs,us − fs, xsu ′,xsu,us ds

 1
 0

t
E′ s, xs ′,xs,us − s, xsu ′,xsu,us dBs

 1
 0

t
E′ 

E
c s, x−s  ′,x−s ,us,e − c s, x−su  ′,x−su ,us,e Nde,ds

− 
0

t
E′ f x̃s, xs ′,xs,uss ′  fxs, xs ′,xs,uss

 fvs, xs ′,xs,usvs  ds

− 
0

t
E′  x̃s, xs ′,xs,uss ′  xs, xs ′,xs,uss

 vs, xs ′,xs,usvs  dBs

− 
0

t
E′ 

E
cx̃ s, x−s  ′,x−s ,us,e s ′  cx s, x−s  ′,x−s ,us,e s

 cv s, x−s ′,x−s,us,e vs Nde,ds. 13
By applying the Taylor’s development with all the above coefficients, we can rewrite (13) as
follows

x̂t  
0

t 
0

1
E′ f x̃ s, xsu ′  x̂s  s

′,xs,us x̂s ′ dds

 
0

t 
0

1
E′ fx s, xsu ′,xsu  x̂s  s,us x̂s dds

 
0

t 
0

1
E′  x̃ s, xsu ′  x̂s  s

′,xs,us x̂s ′ ddBs

 
0

t 
0

1
E′ x s, xsu ′,xsu  x̂s  s,us x̂s ddBs

 
0

t 
0

1
E′ c x̃ s, x−su  ′  x̂−s  −s ′,x−s ,us,e x̂−s  ′ dNde,ds

 
0

t 
0

1 
E
E′ cx s, x−su  ′,x−su  x̂−s  −s,us,e x̂−s  dNde,ds

 At1,  At2,  At3,,
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where

At1,  
0

t 
0

1
E′ f x̃ s, xsu ′  x̂s  s

′,xs,us

− f x̃s, xs ′,xs,uss ′ dds

 
0

t 
0

1
E′ fx s, xsu ′,xsu  x̂s  s,us

−fxs, xs ′,xs,uss dds

 
0

t 
0

1
E′ fv s, xsu ′,xsu,vs − fvs, xs ′,xs,us vsdds,

At2,  
0

t 
0

1
E′  x̃ s, xsu ′  x̂s  s

′,xs,us

− x̃s, xs ′,xs,uss ′ ddBs

 
0

t 
0

1
E′ x s, xsu ′,xsu  x̂s  s,us

−x s, xsu ′,xsu  x̂s  s,us s ddBs


0

t 
0

1
E′ v s, xsu ′,xsu,vs − vs, xs ′,xs,us vsddBs,

At3,  
0

t 
E


0

1
E′ c x̃ s, x−su  ′  x̂−s  −s ′,x−s ,us,e

−c x̃s, x−s ′,x−s,us,e−s ′ dNde,ds

 
0

t 
E


0

1
E′ cx s, x−su  ′,x−su  x̂−s  −s,us ,e

−cxs, x−s ′,x−s,u−s,e−s dNde,ds

 
0

t 
E


0

1
E′ cv s, x−su  ′,x−su ,vs,e

−cvs, x−s ′,x−s,us,e vsdNde,ds.

Therefore,

E
s∈0,t
sup |x̂s |2 ≤

CE 
0

t 
0

1
E′ f x̃ s, xsu ′  x̂s  s

′,xs,us x̂s ′
2 dds

CE 
0

t 
0

1
E′  x̃ s, xsu ′  x̂s  s

′,xs,us x̂s ′
2 dds
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CE 
0

t 
0

1
E′ x s, xsu ′,xsu  x̂s  s,us x̂s

2 dds

CE 
0

t 
0

1
E′ x s, xsu ′,xsu  x̂s  s,us x̂s

2 dds

CE 
0

t 
E


0

1
E′ c x̃ s, x−su  ′  x̂−s  −s ′,x−s ,us,e x̂−s  ′

2

 cx s, x−su  ′,x−su  x̂−s  −s,us,e x̂−s 
2 ddeds

CE
s∈0,t
sup As1, 2

 CE
s∈0,t
sup As2, 2

CE
s∈0,t
sup As3, 2 .

Then from lemma 4.1 and the uniform Lipschitz continuity of fx̃x, x̃,v , fxx, x̃,v,
fvx, x̃,v,  x̃x, x̃,v, xx, x̃,v, vx, x̃,v, E cx̃x, x̃,v,ede, E cxx, x̃,v,ede and

E
cvx, x̃,v,ede with respect to x̃, x, v, we have

lim
→0
E sup

s∈0,T
As1, 2

 lim
→0
E sup

s∈0,T
As2, 2

 lim
→0
E sup

s∈0,T
As3, 2

 0.

On the other hand, since of all the derivatives of f,  and c are bounded, we obtain

E
s∈0,t
sup |x̂s |2 ≤ C 

0

t
|x̂s |2ds  CE

s∈0,t
sup As1, 2


s∈0,t
sup As2, 2


s∈0,t
sup As3, 2 .

Finally, applying Gronwall’s lemma allows to complete the proof. Hence

−dŷ t  1
 E′ 

E
gt,ut − gt,utde dt

− zt − ztudBt − 
E
rte − rtueNde,dt

− E′ 
E
gx̃t,e t ′  gxt,e t  gỹt,et ′  gyt,et

 gz̃t,et ′  gzt,et  gr̃t,ete ′  grt,ete

 gvt,evtdedt − tdBt − 
E
teNde,dt,

14

and the use of the Taylor’s development with all the above coefficients, allows for rewriting
(14) as follows
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ŷt  
t

T
E′ 

E


0

1
gx̃ s, xs ′  x̂s  s ′, ys ′, zs ′

, rse ′,xs,ys, zs, rse,us x̂s ′ddeds

 
t

T
E′ 

E


0

1
gỹ s, xs ′, ys ′  ŷs  s ′, zs  ′

, rse ′,xs,ys, zs, rse,us ŷs ′ddeds

 
t

T 
0

1
E′ 

E
gz̃ s, xs ′, ys ′, zs ′  ẑs  s ′

, rse ′,xs,ys, zs, rse,us ẑs ′ddeds

 
t

T 
0

1
E′ 

E
gr̃ s, xs ′, ys ′, zs ′, rse ′  r̂se  se ′

,xs,ys, zs, rse,usr̂se ′ddeds

 
t

T
E′ 

E


0

1
gxs, xs ′, ys ′, zs ′, rse ′,xs  x̂s  s

,ys, zs, rse,usx̂sddeds

 
t

T 
0

1
E′ 

E
gys, xs ′, ys ′, zs ′, rse ′,xs

,ys  ŷs  s, zs, rse,usŷsddeds

 
t

T 
0

1
E′ 

E
gzs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs  ẑt  t, rse,us, sẑtddeds

 
t

T 
0

1
E′ 

E
grs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs, rse  r̂se  se,usr̂seddeds

 E′ 
0

1
 x̃ xT ′  x̂T  T

′,xT x̂T 
′ d

 E′ 
0

1
x xT ′,xT  x̂T  T x̂T d

− 
t

T
ẑtdBs − 

t

T 
E
r̂teNde,dt

 B1,t  B2,t  B3,t  B4,t  B5,t  B6,t  B7,t  B8,t  B9,t  B10,t  B11,t,

where B1,t, B2,t, B3,t, B4,t, B5,t, B6,t, B7,t, B8,t, B9,t, B10,t and B11,t are given by

B5,t  
t

T
E′ 

E


0

1
gxs, xs ′, ys ′, zs ′, rse ′,xs  x̂s

 s ,ys, zs, rse,us − gxs,esddeds,



61 N. CHAOUCHKHOUANE, B. LABED, and L. TAMER

B6,t  
t

T
E′ 

E


0

1
gys, xs ′, ys ′, zs ′, rse ′,xs

,ys  ŷs  s, zs, rse,us
− gys,esddeds,

B7,t  
t

T
E′ 

E


0

1
gzs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs  ẑs  s, rse,us
− gzs,esddeds,

B8,t  
t

T
E′ 

E


0

1
grs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs, rse  r̂se  se,us
− grs,eseddeds,

B9,t  
t

T
E′ 

E


0

1
gvs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs, rse,us  vs−gvt,evsddeds,

B10,t  
0

1
E′  x̃ xT ′  x̂T  T

′,xT −  x̃ xT ′,xT T ′d,

B11,t  E′ 
0

1
x xT ′,xT  x̂T  T − x xT ′,xT Td.

By applying Itô’s formula to |ŷs |2, we have

E
s∈0,t
sup |ŷs |2  E 

t

T
|ẑs |2ds  E 

t

T 
E
|r̂se|2dedt

≤ CE 
t

T 
0

1
E′ 

E
gx̃ s, xs ′  x̂s  s ′, ys ′, zs ′

rse ′,xs,ys, zs, rse,us x̂s ′
2ddeds

CE 
t

T 
0

1
E′ gỹ s, xs ′, ys ′  ŷs  s ′, zs  ′

, rse ′,xs,ys, zs, rse,us ŷs ′
2ddeds

CE 
t

T
E′ 

E


0

1
gx s, xs ′, ys ′, zs ′, rse ′,xs  x̂s  s
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,ys, zs, rse,usx̂s|2ddeds

CE 
t

T 
0

1
E′ 

E
gys, xs ′, ys ′, zs ′, rse ′,xs

,ys  ŷs  s, zs, rse,usŷs|2ddeds


t

T 
0

1
E′ 

E
gzs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs  ẑt  t, rse,us, sẑt|
2ddeds


t

T 
0

1
E′ 

E
grs, xs ′, ys ′, zs ′, rse ′,xs

,ys, zs, rse  r̂se  se,usr̂se|2ddeds

CE E′ 
0

1
 x̃ xT

′
 x̂T  T

′,xT x̂T 
′ 2

d

CE E′ 
0

1
x xT ′,xT  x̂T  T x̂T 

2d

CE∑ i1
11

s∈0,t
sup Bsi, 2 .

Since all the derivatives of g are bounded and Lipschitz, then from lemma 4.1 and by
application of Gronwall’s lemma we obtain the last convergence relations. 

Lemma 4.3. Let u be an optimal control and xtu be the corresponding optimal trajectory. Then,
for any v ∈ Uad, we have
0 ≤ E E′ hx̃ xT ′,xT T ′  hx xT ′,xT T

 E E′  ỹ y0
v  ′,y0

v 0 ′  y y0
v  ′,y0

v 0

 E 
0

T
E′ 

E
lx̃t t ′  lỹtt ′  l z̃tt ′  lr̃tte

′

 lxt t  lytt  l ztt  lrtte  lvtvt dedt. 15

Proof. Since u is an optimal control, we have
0 ≤ J u.   v.   − Ju. 

 E 
0

T
E′ 

E
lt,ut,e − 

E
lt,ut,e de dt

 E E′ h xT 
′,xT − h xT ′,xT  E E′  y0

  ′,y0
 −  y0 ′,y0 . 16

By employing Taylor’s development with all the above coefficients, we can rewrite (16) as
follows
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0 ≤ E E′ 
0

1
hx̃ xT ′  x̂T  T

′,xT T ′ d

 E E′ 
0

1
hx xT ′,xT  x̂T  T Td

 E E′ 
0

1
 x̃ y0 ′  ŷ0

  0
′,y0

 0 ′ d

 E E′ 
0

1
x y0 ′,y0  ŷ0

  0 0 d

 
0

T
E′ 

E


0

1
lx̃ t, xt ′  x̂t   t ′, yt ′, zt ′

rte ′,xt,yt, zt, rte,ut  t ′ddedt

 
0

T
E′ 

E


0

1
lỹ t, xt ′, yt ′  ŷ t  t ′, zt ′

rte ′,xt,yt, zt, rte,ut t ′ddedt

 
0

T
E′ 

E


0

1
lz̃ t, xt ′, yt ′, zt ′  ẑt  t ′

rte ′,xt,yt, zt, rte,ut t ′ddedt

 
0

T
E′ 

E


0

1
lr̃ t, xt ′, yt ′, zt ′

 rte ′  r̂te  te ′,xt,yt, zt, rte,ut te ′ddedt

 
0

T
E′ 

E


0

1
lxt, xt ′, yt ′, zt ′, rte ′,xt  x̂t   t

,yt, zt, rte,ut tddedt

 
0

T
E′ 

E


0

1
lyt, xt ′, yt ′, zt ′, rte ′,xt

,yt  ŷ t  t, zt, rte,uttddedt

 
0

T
E′ 

E


0

1
lzt, xt ′, yt ′, zt ′, rte ′,xt

,yt, zt  ẑt  t, rte,ut, ttddedt

 
0

T
E′ 

E


0

1
lrt, xt ′, yt ′, zt ′, rte ′,xt

,yt, zt, rte  r̂te  te,utteddedt

 
0

T
E′ 

E


0

1
lvt, xt ′, yt ′, zt ′, rte ′,xt

,yt, zt, rte,ut  vt, tvtddedt  It,

where It is given by
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It  E E′ 
0

1
hx̃ xT ′  x̂T  T

′,xT x̂T 
′ d

 E E′ 
0

1
hx xT ′,xT  x̂T  T x̂T d

 E E′ 
0

1
 x̃ y0 ′  ŷ0

  0
′,y0

 ŷ0
  ′ d

 E E′ 
0

1
x y0 ′,y0  ŷ0

  0 ŷ0
  d

 
0

T
E′ 

E


0

1
lx̃ t, xt ′  x̂t   t ′, yt  ′, zt  ′

rte ′,xt ,yt , zt , rte,ut x̂t  ′ddedt

 
0

T
E′ 

E


0

1
lỹ t, xt ′, yt ′  ŷ t  t ′, zt  ′

rte ′,xt ,yt , zt , rte,ut ŷ t  ′ddedt

 
0

T
E′ 

E


0

1
lz̃ t, xt ′, yt ′, zt ′  ẑt  t ′

rte ′,xt ,yt , zt , rte,ut ẑt  ′ddedt

 
0

T
E′ 

E


0

1
lr̃ t, xt ′, yt ′, zt ′

rte ′  r̂te  te ′,xt ,yt , zt , rte,ut r̂te ′ddedt

 
0

T
E′ 

E


0

1
lxt, xt ′, yt ′, zt ′, rte ′,xt  x̂t   t

,yt , zt , rte,utx̂t ddedt

 
0

T
E′ 

E


0

1
lyt, xt ′, yt ′, zt ′, rte ′,xt

,yt  ŷ t  t, zt , rte,utŷ t ddedt

 
0

T
E′ 

E


0

1
lzt, xt ′, yt ′, zt ′, rte ′,xt

,yt, zt  ẑt  t, rte,utẑtddedt

 
0

T
E′ 

E


0

1
lrt, xt ′, yt ′, zt ′, rte ′,xt

,yt, zt, rte  r̂te  te,utr̂teddedt.

From the fact that (12) are proved in this lemma, and since all the derivatives of h, , l are
bounded, we have

→0
lim It  0, and

→0
lim ut  ut. Then from the continuity of all the

derivative of ,  and l, we obtain the required result. 
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5. Adjoint Equation

In this subsection we introduce the adjoint process, essential for deriving the maximum
principle of optimality. Consider the following adjoint equations

dpt  E′ 
E
gyt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,utpt

−lyt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut dedt

E′ 
E
gzt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,utpt

−lzt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut dedBt

E′ 
E
gr t, x−tu  ′, y−tu  ′, z−tu  ′, r−tu e ′,x−tu ,y−tu , z−tu , r−tu e,ut p−t

−lr t, x−tu  ′, y−tu  ′, z−tu  ′, r−tu e
′
,x−tu ,y−tu , z−tu , r−tu e,ut Nde,dt

E′ 
E
gỹ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut pt ′

−lỹ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut dedt

E′ 
E
g z̃ t,xtu,ytu, ztu, rtue, xut ′, yut ′, zut ′, rtue ′,ut pt ′

E′ 
E
g r̃ t,x−tu ,y−tu , z−tu , r−tu e, x−tu  ′, y−tu  ′, z−tu  ′, r−tu e ′,ut p −t ′

−lr̃ t,x−tu ,y−tu , z−tu , r−tu e, x−tu  ′, y−tu  ′, z−tu  ′, r−tu e ′,ut Nde,dt,

p0  −E′  ỹ y0
u, y0

u ′  y y0
u ′,y0

u ,

17

−dqt  E′ fx t, xtu ′,xtu,ut qt  x t, xtu ′,xtu,ut kt


E
cx t, x−t ′,x−t,ut,e Rtede

−
E
gx t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut ptde


E
lx t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut de

 fx̃ t,xt, xt ′,ut qt ′   x̃ t,xt, xt ′,ut kt ′

−
E
gx̃ t,xt,yt, zt, rte, xt ′, yt ′, zt ′, rte ′,ut pt ′de


E
lx̃ t,xt,yt, zt, rte, xt ′, yt ′, zt ′, rte ′,ut de


E
cx̃ t, x−t ′,x−t,ut,e Rte

′
de dt

−ktdBt − 
E
RteNde,dt,

18
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qT  E′ h x̃xT ′,xT  hxxT, xT ′

− E′ 
x̃
xT ′,xT pT   x xT, xT

′ pT ′ .
We define the Hamiltonian function H as follows

Ht, x̃, ỹ, z̃, r̃. ,x,y, z, r. ,p,q,k,R. ,v  qft, x̃,x,v  kt, x̃,x,v

− 
E
pgt, x̃, ỹ, z̃, r̃. ,x,y, z, r. ,v

 Rect, x̃,x,v,e  lt,x ,y ,z , r̃,x,y, z, r,v de,
to state the main result of this paper.

Theorem 5.1. ( Stochastic maximum principle ) Assume that (H) holds. Let u be an optimal
control and x. ,y. , z. , r. , .  be the corresponding optimal trajectory. Then we have

E 
0

T
E′Hvtvtdt ≥ 0. 19

Proof. By applying Itô’s formula to  tqt and tpt, and by taking the expectation, we obtain

ETqT  E T E′ h x̃xT ′,xT  hxxT, xT ′

 −E′ 
x̃
xT ′,xT pT   x xT, xT

′ pT ′

 E 
0

T
E tdqt  qtd t  d tdqt

 E 
0

T
− tE′ fx t, xtu ′,xtu,ut qt  x t, xtu ′,xtu,ut kt

−
E
gx t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut pt


E
lx t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut

−
E
gx̃t,xtu,ytu, ztu, rtue,utpt ′


E
lx̃ xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut dedt

E 
0

T
qtE′  f x̃t, xt ′,xt,ut t ′

 fxt, xt ′,xt,ut t  fvt, xt ′,xt,utvt  dt

 E 
0

T
E′   x̃t, xt ′,xt,ut t ′

 xt, xt ′,xt,ut t  vt, xt ′,xt,utvt  ktdt
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E 
0

T
E′ 

E
cx̃ t, x−t ′,x−t,ut,e −t ′ 

cx t, x−t ′,x−t,ut,e −t  cv t, x−t ′,x−t,ut,e vt dedt,
and

ETpT   E0p0   E 
0

T
tdpt  E 

0

T
ptdt  E 

0

T
dptdt

 E −0E′  ỹ y0
v  ′,y0

v  y y0
v  ′,y0

v

E 
0

T
tE′ 

E
gy t, xtu ′, ytu ′, ztu ′, rtue ′

,xtu,ytu, ztu, rtue,utpt − ly t, xtu ′, ytu ′, ztu ′, rtue ′

,xtu,ytu, ztu, rtue,utdedt

E 
0

T
tE′ 

E
gỹ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut pt ′

−lỹ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut dedt

E 
0

T
−pt E′ 

E
gx̃t,e t ′  gxt,e t  gỹt,et ′  gyt,et

gz̃t,et ′  gzt,et  gr̃t,ete ′  grt,ete

gvt,evtdedt

E 
0

T
tE′ 

E
gz t, xtu ′, ytu ′, ztu ′, rtue ′,xtu

,ytu, ztu, rtue,utpt − ly t, xtu ′, ytu ′, ztu ′, rtue ′

,xtu,ytu, ztu, rtue,utdedt

E 
0

T
tE′ 

E
g z̃ t,xtu,ytu, ztu, rtue, xtu ′

, ytu ′, ztu ′, rtue ′ pt ′ − lz̃t,xtu,ytu, ztu, rtue,

xtu ′, ytu ′, ztu ′, rtue ′,ut dedt

E 
0

T
teE′ 

E
gr t, xtu ′, y−tu  ′, z−tu  ′, r−tu e ′,

xtu,ytu, ztu, rtue,utpt − ly t, xtu ′, ytu ′, ztu ′,

rtue ′,xtu,ytu, ztu, rtue,ut dedt

E 
0

T
teE′ 

E
g r̃ t, xtu, ytu, ztu, rtue, xtu ′

, ytu ′, ztu ′, rtue ′,utpt ′ − lr̃t, xtu, ytu, ztu,
rtue, xtu ′, y−tu  ′, z−tu  ′, r−tu e ′,ut dedt.
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Replacement of the above expectations with the variational inequality (15) implies that
E 

0

T
E′Hvtvt dt ≥ 0. 

Theorem 5.2. (Necessary conditions for the optimality of the control) Let (H) holds and H is
convex with respect to v. Then, the following infinitum is necessary condition for optimality of
the control u ∈ Uad :
E′ H t, xt ′, yt ′, zt ′, rte ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,ut


v∈U
inf E′ H t, xt ′, yt ′, zt ′, rte ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,v, 20

dtdp − a.e on 0,T  , where x .
u,y .

u, z .
u, r .

ue denotes the corresponding optimal trajectory
of the control u and pt,qt,kt,Rte is the solution to mean-field FBSDE (17) and (18).

Proof. For any v ∈ U, we have
E′ H t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,v
− E′ H t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,ut

 
0

1
E′ Hv t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,ut  v − utv − utd

 
0

1
E′ Hv t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,ut  v − ut

−Hv t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utv − utd


0

1
E′ Hv t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utv − utd.

Since H is convex with respect to v and by (19)
E′ H t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,v

−E′ H t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,ut

≥ 0 dtdp − a.e.on 0,T  .
Then we have the desired result. 

6. Sufficient Conditions for Optimality of the Control

Theorem 6.1. Let H holds and suppose that the control u satisfies (20) and
x .
u,y .

u, z .
u, r .

ue denotes the corresponding trajectory with yT  E ′ LTxT ′  MTxT , LT,
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MT ∈ Rmn. Let pt,qt,kt,Rte be the solution to mean-field FBSDE (17) and (18), assume
that H, h and  are convex with respect to x̃, ỹ, z̃, r̃. ,x,y, z, r. ,v, x̃,x and
y, ỹ respectively. Then u is an optimal control of the problem (8) and (9).

Proof. Let us suppose that the control process u satisfies the condition (20), then for any
control v ∈ Uad, we have

Jv − Ju  E 
0

T
E′ 

E
lt,vt − lt,utdedt

 E′ hxvT ′,xvt − hxuT ′,xuT

 E′  yv0 ′,yv0 −  yu0 ′,yu0 . 21
Since h is convex with respect to x̃,x, then

hxTv  ′,xtv − hxTu  ′,xTu ≥ hx̃ xTu  ′,xTu xTv − xTu  ′

 hx xTu  ′,xTu xTv − xTu . 22
Now as  is convex with respect to ỹ,y, then

 y0
v  ′,y0

v −  y0
u ′,y0

u ≥  ỹ y0
u ′,y0

u y0
v − y0

u ′

 y y0
u ′,y0

u y0
v − y0

u. 23
By including (22) and (23) in (21), we obtain

Jv − Ju ≥ E E′ hx̃ xTu , xTu  ′  hx xTu  ′,xTu xTv − xTu 

 E′  ỹ y0
u, y0

u ′  y y0
u ′,y0

u y0
v − y0

u

 
0

T
E′ 

E
lt,vt − lt,ut dedt. 24

Application of Itô’s formula to qtxtv − xtu and ptytv − ytu and then taking the expectation
leads to

E E′ hx̃ xTu , xTu  ′  hx xTu  ′,xTu xTv − xTu 

 EqT xTv − xTu   E′ LTpT  MTpT ′ xTv − xTu 

 E 
0

T
E′ fx t, xtu ′,xtu,ut qt  x t, xtu ′,xtu,ut kt


E
cx t, x−t ′,x−t,ut,e Rtede

−
E
gx t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut ptde


E
lx t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut de

 fx̃ t,xt, xt ′,ut qt ′   x̃ t,xt, xt ′,ut kt ′


E
lx̃ t,xt,yt, zt, rte, xt ′, yt ′, zt ′, rte ′,ut de
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
E
cx̃ t, x−t ′,x−t,ut,e Rte

′
de xtv − xtu

 qtE′ ft, xt
v  ′,xtv ,vt − ft, xtu ′,xtu,ut

 ktE′ t, xt
v  ′,xtv ,vt − t, xtu ′,xtu,ut


E
RteE′ ct, xt

v  ′,xtv ,vt,e − ct, xtu ′,xtu,ut,e dedt

E′ LTpT  MTpT ′ xTv − xTu 

and

E E′  ỹ y0
u, y0

u ′  y y0
u ′,y0

u y0
v − y0

u

 −Ep0y0
v − y0

u

 −E E′ LTpT  MTpT ′ xTv − xTu 

E 
0

T
ytv − ytuE′ 

E
gyt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,utpt

−lyt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut

E′ 
E
gỹ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut pt ′

-lỹ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut dedt

−ptE′ 
E
gt,vt − gt,utdedt

ztv − ztu E′ 
E
gzt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,utpt

−lzt, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut

E′ 
E
g z̃ t,xtu,ytu, ztu, rtue, xut ′, yut ′, zut ′, rtue ′,ut pt ′

−lz̃ t,xtu,ytu, ztu, rtue, xut ′, yut ′, zut ′, rtue ′,ut dedt

rtve − rtue E′ 
E
gr t, xtu ′, ytu ′, ztu ′, rtue ′,xtu,ytu, ztu, rtue,ut pt

−lr t, xtu ′, ytu ′, ztu ′, rtue
′
,xtu,ytu, ztu, rtue,ut

E′ 
E
g r̃ t,xtu,ytu, ztu, rtue, xtu ′, ytu ′, ztu ′, rtue ′,ut pt ′

−lr̃ t,x−tu ,y−tu , z−tu , r−tu e, x−tu  ′, y−tu  ′, z−tu  ′, r−tu e ′,ut dedt

Cosideration of the two above expectations in (24) yields
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Jv − Ju ≥ E 
0

T
E′ H t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,v
−H t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utdt

−E 
0

T
E′ Hx̃ t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utxtv − xtu ′ dt

−E 
0

T
E′ Hỹ t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utytv − ytu ′ dt

−E 
0

T
E′ Hz̃ t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utztv − ztu ′ dt

−E 
0

T
E′ Hr̃ t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utrtve − rtue ′ dt

−E 
0

T
E′ Hx t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utxtv − xtudt

−E 
0

T
E′ Hy t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utytv − ytudt

−E 
0

T
E′ Hz t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utztv − ztudt

−E 
0

T
E′ Hr t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utrtve − rtuedt.

Moreover, by convexity of H with respect to x̃, ỹ, z̃, r̃. ,x,y, z, r. ,v, we have
H t, xtu ′, ytu ′, ztu ′, rtue ′,xt,yt, zt, rte,pt,qt,kt,Rte,v

−H t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,ut

≥ Hx̃ t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utxtv − xtu ′

Hỹ t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utytv − ytu ′
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Hz̃ t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utztv − ztu ′

Hr̃ t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utrtve − rtue ′

Hx t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utxtv − xtu

Hy t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utytv − ytu

Hz t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utztv − ztu

Hr t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utrtve − rtue

Hv t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utvt − ut. 25
This leads to

Jv − Ju ≥ E 
0

T
E′ Hv t, xtu ′, ytu ′, ztu ′, rtue ′

,xt,yt, zt, rte,pt,qt,kt,Rte,utvt − utdt
Now since E′ H t, xtu ′, ytu ′, ztu ′, rtue ′,xt,yt, zt, rte,pt,qt,kt,Rte,ut is convex,

and by convex optimization, we obtain
E′ Hv t, xtu ′, ytu ′, ztu ′, rtue ′ ,xt,yt, zt, rte,pt,qt,kt,Rte,utvt − ut

≥ 0, dtdp − a.e. on 0,T  .
Hence we may deduce that
Jv − Ju ≥ 0,
for all v.  ∈ Uad , and this demonstrates that u.  is optimal. 

7. Application: A Linear-Quadratic Control Problem

For the sake of simplicity, we restrict ourselves in this application to the one dimensional
case, i.e. n  d  m  k  1. Then the coefficients of equations are linear with respect to all
of the variables according to

ft, x̃,x,v  Ãx̃  Ax  A1v

t, x̃,x,v  B̃x̃  Bx  B1v

ct, x̃,x,v,e  C̃ex̃  Cex  C1ev

gt,x ,y ,z ,x,y, z,v  ãx̃  b̃y  c̃z  ax  by  cz  a1v

x  Nx
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lt,x ,y ,z ,x,y, z, ,v  1
2 Rx

2  Dy2  Hz2  Mv2

hx  1
2 Qx

2

y  1
2 Ly

2,

where Ã, B̃, ã, b̃, c̃, A, B, a, b, c, A1, B1, a1 are constant and C̃e,Ce and C1e are

functions in L2E,BE,;R. Then the Forward Backward SDE writes as follows :

dxtv  ÃExt   Axt  A1vtdt  B̃Ext   Bxt  B1vtdBt

 
E
C̃eExt−   Cext−  C1evt Nde,dt

−dytv  ãExt   b̃Eyt   c̃Ezt   axt  byt  czt  a1vt dt

− ztvdBt − 
E
rteNde,dt,

x0
v  x0,

yTv  NxT, 26

vt ∈ Uad and the cost functional is a quadratic, as

Jv  
0

T
1
2 RExt

2   DEyt2   HEzt2   MEvt2 dt

 1
2 QExT

2   1
2 LEy0

2 , 27
where R ≥ 0, D ≥ 0, M  0, Q ≥ 0, H, L ≥ 0 are constants. Let u be an optimal admissible
control and xtu,ytu, ztu, rtu be the corresponding optimal trajectory. The adjoint equations are
defined by

dpt  b̃Ept   bpt − Dyt dt  c̃Ept   cpt − HptdBt

p0  −Ly0,
28

−dqt  Aqt  Bkt  
E
CeRt,ede − apt  Rxt

 ÃEqt   B̃Ekt   
E
CeERt,ede − ãEpt  dt

− ktdBt − 
E
Rt,eNde,dt.

qT  QxT − NpT,

29

and the Hamiltonian function is defined by
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Ht, x̃, ỹ, z̃, ,x,y, z,p,q,k,R. ,v
 qft, x̃,x,v  kt, x̃,x,v − pgt, x̃, ỹ, z̃,x,y, z,v

 lt,x,y, z,v  
E
Rect, x̃,x,v,ede. 30

From the necessary condition of optimality we have

ut  1
M −A1qt − B1kt  a1pt − 

E
C1eRede . 31
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